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Introduction 



My Ph.D. work has been dedicated to the study of different aspects of modern 
unifying theories. 

Part of the time has been devoted to search for cosmological backgrounds 
in superstring theories, thus continuing the research hne started in my Laurea 
thesis. 

This work, which has been done in collaboration with Prof. Pietro Fre's 
group, fits into a wide set of research lines merging string theory, which try 
to express all fundamental constituents of the universe and their interaction 
into a unique framework, with the undertaken of cosmological models, whose 
aim is to describe the origin, the evolution and the structure of the Universe 
as a whole. The great number of success of both models has been suggesting 
since middle of 90's a possible unification of their investigation areas. In view 
of the new observational data which seems to provide evidence for a small but 
positive cosmological constant mi2lElB|, there has been wide interest in the 
context of M-theory / string theory and extended supergravities for the search of 
de Sitter like vacua (see for instance El CI IHl EI and references therein) . More 
generally, the analysis of time-dependent backgrounds |10lllll[T2lll8l[T4lll5[ll6[ 
ElIIHlIiniEniEllESEHlElEllESIhas been done in various approaches and at 
different levels, namely both from the microscopic viewpoint, considering time- 
dependent boundary states and boundary CFTs (see for instance [271 128j and 
references therein) and from the macroscopic viewpoint studying cosmological 
solutions in both gauged and ungauged supergravities. 

Successively, in collaboration with Prof. Mauro Carfora's group, I started 
investigating modular and simplicial properties of string dualities. Both col- 
laborations have been characterized by a deep analysis of dynamic symmetries 
associated with Lie algebras of both finite and affine kind. 

The first hint of role Kac-Moody algebras plays in describing dynamical 
symmetries of gravitational models goes back to early '70, when Geroch showed 
that the automorphism group of solutions of Einstein Gravity reduced to D — 2 
is infinite dimensional and it has as underlying Lie algebra Aj, the untwisted 
affine Kac-Moody extension of Ai [221 EDI, this being the three dimensional Lie 
algebra of S'L(2,M). This discovery triggered a lot of interest in the analysis of 
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these symmetries, but it was with the advent of string theory and supergravity 
that the interest in infinite symmetries received a boost. As a matter of fact, by 
dimensionally reducing D — 10 or D = 11 supergravity to lower dimensions, new 
dynamical symmetries arise. The so called hidden symmetries act as isometries 
of the metric on the scalar manifold and as generaHzed electric/magnetic duality 
rotations on the various p-forms. Formalization of these concepts goes back to 
the work of Cremmer and Julia, who clarified that is the duality 

symmetry group of maximal supergravity in Z? > 3 dimensions, obtained by a 
Kaluza-Klein compactification of M-theory on a T^^~^ torus. In particular, 
they showed that the massless scalars which emerge from the Kaluza-Klein 
mechanism in D dimensions, just parametrize the maximally non-compact coset 
manifold 

. . _ Eii-D{ll-D) 

tlll-D 

where is the maximally compact subgroup of the simple Lie group 

Eii-D(ll-D) MM- 

Julia noted that the extension of this process to D < 3 calls into play algebras 
which are no longer finite dimensional, but rather they are infinite dimensional 
Kac-Moody ones|33j. As a matter of fact, £^9(9) is the affine extension of i?8(8)) 
while i?io(io) is its double hyperbolic extension. This last case is particularly 
intriguing. Since compactification and truncation to the massless modes is an 
alternative way of saying that we just focus on field configurations that depend 
ONLY THE REMAINING D COORDINATES, the compactification On a torus 
leads to non trivial dependence of supergravity fields just on one coordinate, 
namely time, thus linking the arising of cosmological backgrounds to the Eiq 
algebra. 

In this connection, a very much appealing and intriguing scenario has been 
proposed in a series of papers by Damour et al. [3ill35ll36ll371l38ll39llinllITlll2l 

33 E|: that of cosmological biUiards. Studying the asymptotic behavior of ten 
(eleven) dimensional supergravity field equations near time (space-like) singu- 
larities, these authors envisaged the possibility that the nine (ten) cosmological 
scale factors relative to the different space dimensions of string theory plus the 
dilaton could be assimilated to the Lagrangian coordinates of a fictitious ball 
moving in a ten(resp. eleven)-dimensional space. 

In their approach, Damour and collaborators analyzed the cosmic biUiard 
phenomenon as an asymptotic regime in the neighborhood of space-like sin- 
gularities. The billiard walls were seen as the various p-forms of supergravity 
acting as exponential potential walls which become sharper and sharper in the 
evolution toward the singularity, ending in infinite potential walls in the t ^ 0'^ 
Hmit. The main focus attention was centered on establishing whether and un- 
der which conditions there may be a chaotic behavior in the evolutions of scale 
factors of the universe. Eventually, the authors established that the billiard 
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D=10SUGFIA 
(supeislnig Iheoiy) 




D=10SUGRA 
(supeislnig Iheoiy) 




Figure 1: Time-dependent homogeneous supergravity backgrounds in Z? = 10 
can be obtained by first dimensionally reducing to D — 3, solving the differential 
equations of the sigma model and then oxiding back the result to D = 10. This 
procedure defines also the action of the hidden symmetry group £^8(8) on the 
ten dimensional configurations. 



table to be hyperboHc was a necessary condition, where the billiard table was 
identified with the Weyl chamber of the i?(io) algebra. 

There is a clear relation between this picture and the duality groups of super- 
string theories. As a matter of fact, the Cartan generators of the Ei.(i.) algebra 
are dual to the radii of the T^~^ torus plus the dilaton. So it is no surpris- 
ing that the evolution of the cosmological scale factor should indeed represent 
some kind of motion in the dual of the Cartan subalgebra of Eiq. Although 
naturally motivated, the Eio biUiard picture was so far considered only in the 
framework of an approximated asymptotic analysis and no exact solution with 
such a behavior was actually constructed. 

In our work, we investigated the problem from a different viewpoint. We 
focused on three-dimensional maximal supergravity namely on the 

dimensional reduction of type II theories on a T^ torus, instead of going all the 
way down to reduction to one-dimension. The advantage of this choice is that 
all the bosonic fields are already scalar fields, described by a non-linear sigma 
model without, however, the need of considering Kac-Moody algebras which 
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arise as isometry algebras of scalar manifolds in < 3 space-times. In this way 
we had been able to utilize the solvable Lie algebra approach to the description 
of the whole bosonic sector which enabled us to give a completely algebraic 
characterization of the microscopic origin of the various degrees of freedom ^3 
lis] . Within this framework the supergravity field equations for bosonic fields 
restricted to only time dependence reduce simply to the geodesic equations in 
the target manifold Eg(g')/S0(16). These latter can be further simplified to a set 
of differential equations whose structure is completely determined in Lie algebra 
terms. This was done through the use of the so called Nomizu operator. The 
concept of Nomizu operator coincides with the concept of covariant derivative 
for solvable group manifolds. The possibility of writing covariant derivatives in 
this algebraic way as linear operators on solvable algebras relies on the theorem 
that states that a non-compact coset manifold with a transitive solvable group 
of isometries is isometrical to the solvable group itself. 

The underlying idea for our approach was rooted in the concept of hidden 
symmetries. Cosmological backgrounds of superstring theory, being effectively 
one-dimensional fill orbits under the action of a very large symmetry group, 
possibly Eio, that necessarily contains £§(8), as the manifest subgroup in three 
dimensions. Neither Eio nor E8(g) are manifest in 10-dimensions but become 
manifest in lower dimension. So an efficient approach to finding spatially ho- 
mogeneous solutions in ten dimensions consists of the process schematically 
described in figG] First one reduces to D — 3, then solves the geodesic equa- 
tions in the algebraic setup provided by the Nomizu-operator-formaHsm and 
then oxides back the result to a full fiedged D = 10 configuration. Each possible 
D = 3 solution is characterized by a non-compact subalgebra 

G C E8(8) 

which defines the smallest consistent truncation of the full supergravity theory 
within which the considered solution can be described. The inverse process of 
oxidation is not unique but leads to as many physically different ten dimen- 
sional solutions as there are algebraically inequivalent ways of embedding G 
into E8(8) ■ In ^Hl we illustrated this procedure by choosing for G the smallest 
non abelian rank two algebra, namely G = A2. The solvable Lie algebra formal- 
ism allowed us to control, through the choice of the G-embedding, the physical 
ten-dimensional interpretation of any given cr-model solution. Focusing on a 
particular embedding for the subalgebra A2, we got a type IIB time depen- 
dent background generated by a system of two euclidean D-branes or S-branes 
nil mini Hi HSl HEl Ca UHl: a D3 and a D1, whose world volumes are 
respectively four and two dimensional. This physical system contains also an 
essential non trivial B-field reflecting the three positive root structure of the A2 
Lie algebra, one root being associated with the RR 2-form C^^' , a second with 
the RR 4-form and the last with the NS 2-form fil^l In the time evolution 
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Figure 2: A ribbon graph with g — I and h — 9 and the associated Riemann 
surface, in wich holes are filled with regions having the topology of a disk 

of this exact solution of type II B supergravity we retrieved a smooth realiza- 
tion of the bouncing phenomenon envisaged by the cosmic billiards of |35j-|44j . 
Indeed, in the oxided picture, the scale factors corresponding to the dimensions 
parallel to the S-branes first expand and then, after reaching a maximum, con- 
tract. The reverse happens to the dimensions transverse to the S'-branes. They 
display a minimum approximately at the same time when the parallel ones are 
maximal. Transformed to the dual CSA space this is the bouncing of the cos- 
mic ball on a Weyl chamber wall. This is not the full cosmic biUiard, but it 
illustrates the essential physical phenomena underlying its implementation. 

In the meanwhile I started, in collaboration with Prof. Mauro Carfora and 
Dr. Claudio Dappiaggi, to investigate simplicial and modular aspects of string 
dualities. 

Since 't Hooft seminal paperj^, the idea that a large N gauge theory has 
a dual description in term of a closed string theory has been drawing the at- 
tention of large part of theoretical physicists community. According to 't Hooft 
prescription, if we consider a U{N) gauge theory whose action is written as 
f C(A) (A is the gauge connection), the group theoretical part of Feyn- 
man diagrams arises as a ribbon graph, whose edges acquire a gauge coloring in 
the first fundamental times first anti-fundamental representation of the gauge 
group. In this connection, amplitudes and Green functions are obtained sum- 
ming over all possible (planar and non-planar) diagrams, with the appropriate 
combinatorial factor. Ribbon graphs associated to vacuum amplitudes can be 
classified according to their dependence from N and gyivi- As a matter of fact, 
if we consider a ribbon graph with h boundary components, it comes with the 
factor (Si-m)^^^^^''' where V and E are respectively the number of vertexes 
and edges of the graph. Since each ribbon graph can be viewed as a closed 
Riemann surface with h holes, the dependence of the amplitude from N and 
gYM can be captured by the topology of the underlying surface. If we consider 
an associated Riemann surface of genus g, we can write: 

(5f-M)-"'+^A^' = igl'M^) {gl-uNf ^ {gl'l^) X'^ (1) 
where we have exploited the topological relation V — E + h ~ 2 — 2g, and 
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where we have introduced the 't Hooft coupUng A — Qym^ ■ Thus, the sum 
over all ribbon graphs remarkably translates into a sum over all topologies. The 
associated amplitude is then given by: 

oo oo oo 

= E E(3yM') A" :Fg.H = T = Y^i^al^^) Tg, (2) 

g=0/i=l g=0 

where we have defined 

oo 

-^ff, = E ^9,h (3) 

and the coefficients Tg^h being functions of other parameters of the theory, 
't Hooft's conjecture states that, since at fixed A formula (pj can be seen both 
as an gyu ^ or as a iV ^ oo expansion, in the large N (and fixed A) Hmit 
an equivalent description arises, involving closed Riemann surfaces which are 
obtained "filling holes of the ribbon graphs with disks". This naturally promotes 
the expansion JSJ to a sum over genus, i.e. a closed string expansion. 

Furthermore, at the beginning of 90s', Susskind^J and 't Hooftj22 himself 
introduced the holographic principle, according to which classical space- 
time geometry and its matter contents arise from an underling (non a priori 
gravitational) quantum theory in such a way that the covariant entropy bound 
should be satisfied. 

In this connection, Maldacena's conjecture about AdS/CFT correspondence [HBl 
had merged elegantly these two aspects. It is perhaps the best example of such 
a kind of holographic correspondence, in which the supergravity limit of a string 
theory in d dimensions admits an holographically dual description in term of a 
gauge theory Hving on a codimension one manifold, and where the connection 
between the gauge theory in the open string sector and the closed string theory 
is guided by a large N transition. Not less important, it provides a powerful 
tool in studying non-perturbative effects of a quantum field theory by means of 
perturbative techniques proper of string theory. 

However, deahng with AdS/CFT correspondence, a strong working assump- 
tion is usually performed. The large N transition is, a priori, a worldsheet effect: 
as remarked above, the leading (gauge theory) large N correlator functions arise 
from planar open string diagrams with some insertion on their boundaries. In 
the expected worldsheet scenario, the loops of the original conformal field the- 
ory glue up to form a closed Riemann surface with n closed string insertions on 
a different background. Thus, the open-closed string equivalence works at the 
level of the worldsheet and it has to be implemented at a worldsheet moduli 
space level, though the very process is unknown. 

On the contrary, in a topological setup, even if the duality is guided by a 
geometrical transition at target space level (for a review see OlISl]), the duality 
process acting at a worldsheet level was identified. As a matter of fact, in their 
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original definition, topological large N open/closed string duality are based on 
the gauge theory description of topological string theory. In particular, when 
the A topological string model is defined on a Calabi-Yau X — T*M, M being a 
three-manifold, and there are N topological D-branes wrapping on M, the full 
Open String Field Theory is equivalent to a U{N) Chern-Simons on M. The 
open string amplitudes are then just numbers computed by the fatgraphs of the 
corresponding gauge theories. In this background, the large N transition act at 
a geometric level as a conifold transition relating the open string Calabi- 
Yau background X underling the gauge theory and the closed string Calaby-Yau 
background Y. As usual, at worldsheet level, the scenario one expects is that the 
boundary of the open Riemann surface get glued up to form a closed surface with 
n close string insertion. In this connection, at worldsheet level, when the 't Hooft 
coupling is small, a new branch of the conformal theory arises and the compact 
domains of this new phase can be viewed as holes for an open string theory living 
in a different regime. In such a context, assumptions are no longer necessary. 
However, the theory is topological and it excludes a dynamical coupling with 
gravity in the target space. As pointed out, open string amplitudes are just 
numbers which the duality process rereads in term of the topological invariants 
of the closed surface. 

In this connection, a paradigmatical result has been recently established by 
Gopakumar j^HlllII in the setup of AdS/CFT correspondence. His intuition has 
as starting point A/" = 4 SYM theory, namely the a' limit of open string 
theory. Starting from a Schwinger parametrization of free fields correlators, the 
author was able to reorganize n points amplitudes (at genus g in a 't Hooft 
sense) in terms of skeleton diagrams. These are simply the graphs obtained by 
merging together all the homotopically equivalent contractions between any two 
pairs of vertexes. In this connection, the generic skeleton diagram associated to 
a particular merging of contractions is simply a triangulation of the underlying 
genus g surface, with as many vertexes there are internal and external ones. 
As a consequence, the entire expansion for the n-points function can be com- 
pletely expressed as a sum over all the inequivalently connected skeleton graphs 
contributing to the amplitude. 

The counting over degrees of freedoms allowed him to interpret the integral 
over Schwinger times plus the sum over inequivalent skeleton graphs as sum 
over the decorated moduli space Mg,n x K". Thus, the arising of a closed 
string moduH space, was claimed as the manifestation that a glueing process 
might be seen as a change of variables in the integrand of amplitudes. 

This transition was actually evident in a target space connection: the author 
introduced an algorithm which, exploiting the bulk-to-boundary propagator in- 
troduced by Witten, Gubser, Klebanov and Polyakov in [^EHI, allows to recast 
gauge amplitudes as amplitudes in AdS\^7\. 
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In view of these results, in order to analyze string dualities in a general 
framework, it seems that a discretized approach can play a fundamental role, 
in particular dealing with triangulations with varying connectivity. Thus, moti- 
vated by the ubiquitous role that simplicial methods play in the above results, 
in collaboration with Prof. Mauro Carfora and Dr. Claudio Dappiaggi, we 
have tried to implement examples of open/closed string duality in a recently 
introduced new geometrical framework|(i()) . 

Our aim is to extend the large N process to the appealing context of dy- 
namical background fields, while retaining the open-to-closed transition to be 
implemented at a worldsheet level. 

This approach is based on a careful use of uniformization theory for trian- 
gulated surfaces carrying curvature degrees of freedom. Starting from a closed 
string theory point of view i.e. an n-marked Riemann surface with conical singu- 
larities, we can switch through geometrical arguments to a open string theory 
point of view where the "cones" are traded with finite cylindrical ends. This 
transition between the open and the closed Riemann surface exploits a partic- 
ular connection between the Nq localized curvature degrees of freedom in the 
closed sector and the modular data associated to finite cylindrical ends in the 
open sector jSOj- 

In order to show how this uniformization arises, let us consider the dual 
polytope associated with a Random Regge Triangulation Triangulation 
\Ti\ Af of a Riemannian manifold M. The singular Euclidean structure 
around each puncture can be uniformized by a conformal class of conical met- 
rics (see formula Ill.l0|l ). while the edge-refinement of the Regge dual polytope 
1-skeleton is in one-to-one correspondence with trivalent Ribbon graphs. 

Using properties of Jenkins-Strebel quadratic differentials [201; it is possible 
to fix a point in the conformal class decorating the neighborhood of each cur- 
vature supporting vertex, uniformizing it with a punctured disk endowed with 
a conical metric 

Moreover, exploiting the Stebel theorem^^, it is possible to introduce an uni- 
formizing coordinate both along the edges of the Ribbon Graph and on each 
trivalent vertex. 

Alternatively, we can blow up every cone into a corresponding finite cylin- 
drical end, by introducing a finite annulus 

A:w = {c(fc)eC| exp-^-^<|C(fc)|<l} 

endowed with the cylindrical metric: 

\m\ = ^^m)ndak)\' 
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It is important to stress the different role that the deficit angle plays in 
such two uniformization. In the "closed" uniformization the deficit angles e{k) 
plays the usual role of localized curvature degrees of freedom and, together 
with the perimeter of the polytopal cells, provide the geometrical information 
of the underlying triangulation. Conversely, in the "open" uniformization, the 
deficit angle associated with the fc-th polytope cell defines the geometric moduli 
of the fc-th cylindrical end. As a matter of fact each annulus can be mapped 
into a cylinder of circumpherence L{k) and height 2-^-^E(k) ' ^^^^ 2-n-e{k) ^® 
geometrical moduli of the cylinder. This shows how the uniformization process 
works quite differently from the one used in Kontsevich-Witten models, in which 
the whole punctured disk is uniformized with a cylindrical metric. In this case 
the disk can be mapped into a semi-infinite cylinder, no role is played by the 
deficit angle and the model is topological; conversely, in our case, we are able 
to deal with a non topological theory. 

Very recently|22j Gopakumar pursued further the identification of the field 
theory expression for the integrand over the Schwinger parameters and with a 
correlator of closed string vertex operator. In his construction, he exploited the 
isomorphism between the space of metric Ribbon graphs and Mg,n x W\. to asso- 
ciate to each skeleton diagram naturally coupled to the Schwinger parametriza- 
tion of gauge amplitudes the unique dual Ribbon graph. To this end, he pro- 
posed a precise dictionary between Strebel lengths Ir (i.e. lengths of ribbon 
graph edges) and Schwinger times r^, namely: 

lr = - (4) 

With this dictionary in mind, exploiting the Strebel theorem, which uniquely 
associate a closed Riemann surface uniformization to a given ribbon graph, he 
gave a concrete proposal to reconstruct a particular closed Riemann worldsheet 
associated to a given gauge amplitude. 

We would like to remark differences between this approach and our con- 
struction. Gopakumar starts with gauge theory correlator, and, identifying 
Schwinger times with the inverse of Strebel lengths, he is able to associate to 
each correlator a dual closed surface. On the contrary, in our construction, 
Strebel theorem allows to introduce a suitable uniformization of both the open 
and the closed surfaces, while the transition between the two geometries is 
deeply rooted into the discrete structure of the surface. It is obtained exploiting 
conformal properties of the singular Euclidean metric around each vertex in or- 
der to trade curvature assignment of the closed surface into moduli of the open 
surface Mg, which thus inherits a precise discrete structure. As a final result, 
in the open sector the overall picture sees the decomposition of the Riemann 
surface into its fundamental cylindrical components. 

In our picture, each cylindrical end can be interpreted as an open string 
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connected at one boundary to the ribbon graph associated to the discretized 
worldsheet and, at the other boundary, to a D-brane which acts naturally as a 
source for gauge fields. This provides a new kinematical set-up for discussing 
gauge/gravity correspondence. 

While, at fixed genus g and number of vertexes Nq, in the closed sector 
both the coupling of the geometry of the triangulation with D bosonic fields 
and the quantization of the theory can be performed under the paradigm of 
critical field theory, the coupling of the two-dimensional open Riemann surface 
Mq in formula H1.48II with a quantum bosonic open string has called into play 
Boundary Conformal Field Theory (BCFT) techniques. We have discussed the 
quantization of bosonic fields on each finite cylindrical end, then we have glued 
together the resulting BCFTs along the intersection pattern defined by a the 
ribbon graph naturally associated to the Regge polytope dual to the original 
triangulationjnH El] . 

In particular, the unwrapping of the cones into finite cylinders has suggested 
to compactify each field defined on the A:-th cylindrical end along a circle of 
radius VL{k) = 

lik) 

where l{k) is an unspecified length defined as a function of all characteristic 
scales defining the geometry of the underlying triangulation. 

Under these assumptions, it is possible to quantize the theory and to compute 
the quantum amplitude over each cylindrical end: writing it as an amplitude 
between an initial and final state, we can extract suitable boundary states which 
arise as a generaHzation of the states introduced by Langlands in jHS]. As they 
stand, these boundary state did not preserve neither the conformal symmetry 
nor the U{1)l x U(\)r symmetry generated by the cylindrical geometry. It 
has then been necessary to impose on them suitable gluing conditions relat- 
ing the holomorphic and anti-holomorphic generators on the boundary. These 
restrictions generated the usual famihes of Neumann and Dirichlet boundary 
states. 

Within this framework, the next step in the quantization of the theory has 
been to define the correct interaction of the Nq copies of the cylindrical CFT on 
the ribbon graph associated with the underlying Regge Polytope. This has been 
achieved via the introduction over each strip of the graph of Boundary Insertion 
Operators (BIO) i^^i^pq-^'^^ which act as a coordinate dependent homomorphism 
from V\[j,)-kVx(p^q) and T^A(g)) so mediating the changing in boundary conditions. 
Here denotes the Verma module generated by the action of the Virasoro 

generators over the A(») highest weight and :*r denotes the fusion of the two 
representations. 

In the limit in which the theory is rational (i.e. when the compactification ra- 
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dius is an integer multiple of the self dual radius fls.d. = \/2) the Hilbert space 
of the BCFT can be rewritten as an SU{2)k=i WZW model Hilbert space. It 
is then possible to identify BIO as marginal deformations of boundary condi- 
tions changing operators. Thus they are primary operators with well defined 
conformal dimension and correlators. Moreover, considering the coordinates of 
three points in the neighborhood of a generic vertex of the ribbon graph, we 
can write the OPEs describing the insertion of such operators in each vertex. 
Considering four adjacent boundary components, it has then been possible to 
show that the OPE coefficients C^""'"'"'!' , are provided by the fusion matri- 

ces , , , , which in WZW models coincide with the 67-symbols 

of the quantum group SU{2)^^i: 

Qdpjr-jq „ f J(r,p) 3p Jr 1 

j{r.p}j{q,r)j[p.q) \ jq j(q,r) j {p ,q) j Q^^^i 

From these data, through edge-vertex factorization we have characterized 
the general structure of the partition function for this model j^ZI as a sum over 
all possible SU (2) primary quantum numbers describing the propagation of the 
Virasoro modes along the Nq cyHnders {A*^^,^}. 

The emerging overall picture is that of iVo cylindrical ends glued through 
their inner boundaries to the ribbon graph, while their outer boundaries lay 
on D-branes. Each D-brane acts naturally as a source for gauge fields: it has 
allowed us to introduce open string degrees of freedom whose information is 
traded through the cylinder to the ribbon graph, whose edges thus acquire 
naturally a gauge coloring. This provides a new kinematical set-up for discussing 
gauge/gravity correspondence. 



Outline 

In writing this thesis, I have separated the two different topics in two distinct 
parts. 

The first part has been dedicated to the investigation of simplicial and mod- 
ular aspects of string dualities. 

Chapter ^ contains an introduction to the peculiar geometry arising when 
we uniformize Riemann surfaces carrying curvature degrees of freedom. After 
a short presentation of fundamental concepts of simplicial geometry, I have 
reviewed the two dual uniformizations of a RRT cited above, thus summarizing 
results in [finllfiT] . 

With chapter El it starts the description of the coupling between non-critical 
Polyakov string with the geometry defined by the dual uniformized open Rie- 
mann surface dM. In particular, this chapter is devoted to the quantization of 
the BCFT arising over each cylindrical end A*^^,^ . 

Chapter El introduces Boundary Insertion Operators and their conformal 
properties, laying the basis of the description of interaction of the Nt{0) dis- 
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tinct copies of the BCFT along the pattern defined by the ribbon graph F. This 
project is completed in chapter El where we will show that, at enhanced sym- 
metry point, we are able to coherentely describe the dynamical glueing calling 
into play truly marginal deformation of the original boundary conformal field 
theory. 

Eventually, chapter 31 is devoted to the analysis of the coupling of the model 
with background gauge fields. 

Part ^ reports results obtained in in searching for cosmological back- 
ground of superstring theories. Chapter after summarizing the Kaluza-Klein 
reduction of th bosonic sector of type IIA/B superstring theory on T^, intro- 
duces a particular ansatz for the background metric in D — 3, allowing the 
decoupling on the scalar sigma model from gravity. In particular, it shows how 
to rephrase the supergravity scalar fields equations of motions as geodesic equa- 
tions on Mi28- Moreover, it presents the compensator method which allows, 
once we have found a solution of the geodesic problem via the solvable Lie al- 
gebra parametrization of the above coset manifold, to generate new solutions 
exploiting isometries of the model. 

In chapter El we have applied the compensator method to the simplest (non- 
trivial) coset manifold Ai^ — exp [S0IVA2], while in chapter[3 shows that the hi- 
erarchical dimensional reduction / oxidation of supergravity backgrounds is alge- 
braically encoded in the hierarchical embeddings of subalgebras into Eg algebra. 
Thus, in chapter O after analyzing possible regular embeddings A2 ^ £^8(8) j 
promoting the solution found with the compensator method to solutions of 
type IIA/B supergravities, we have applied the oxidation process to derive 
the D = 10 supergravity cosmological backgrounds associated to the previous 
solutions. 



Part I 



SiMPLICIAL ASPECTS OF 
STRING DUALITIES 
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Chapter 1 



Dual uniformizations of 



triangulated surfaces 



In this chapter, after a short introduction to the concepts of triangulation of a 
Riemann surface and of random Regge triangulations (an exhaustive introduc- 
tion to simplicial geometry can be found in [0H|, while a statistical field theory 
approach to discrete geometry can be found in [221), we will review explicitly the 
geometrical framework arising when we uniformize triangulated surfaces carry- 
ing curvature degrees of freedom. This framework has been developed in [(iOLKilj 
and we refer to these papers and to references therein for a deeper analysis. 

1.1 Random Regge triangulated surfaces as sin- 
gular Euclidean structures 

One way to define the topological properties of a surface is to construct a polyhe- 
dron homeomorphic to it. Then we will be able to define the Euler characteristic 
and the homological properties of the given surface via the properties of the as- 
sociated polyhedron. The main procedure, then, is to associate to each surface 
a collection of standard object (triangles in two dimensions, simplexes in higher 
ones) in such a way that it will become possible to associate to each surface a 
standard abelian structure. 

Simplexes are defined as the building blocks of polyhedron. An r-simplex 
(poPi ■ ■ ■ Pr) is an r-dimensional object whose vertexes pi are geometrically 
independent, that is, no (r — l)-dimensional hyperplane contains all the r + 1 
points. Let po, • • ■ , be geometrically independent points in R™, with m > r. 
The r-simplex = {poPi ■ ■ ■ Pr)is expressed as: 




X — 
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where the (ci, cv) are the barycentric coordinates of x. Since (7^ is a 
bounded closed subset of R"*, it is compact. 

Let q be an integer with > g > r. If we choose q + 1 points pig, . . . ,pi^ 
out of po ... ,Pr, these q + 1 points define a g-simplex aq = {pi„, . . . ,pi^), which 
is called a g-face of ar and is denoted by aq < . If aq < ar, then aq is called 
a proper face of ar. We can further define the star of a face ap, denoted with 
st{ap) as the union of all simplices of which ap is a face, and the link of a face 
ap, lk{ap), as the union of all faces a/, / < p in st{ap) such that a/ fl cTp = 

Let T be a finite set of simphces . We define a simplicial complex in 
a finite set of simplexes T nicely fitted together, i.e.: 

1. If (7 e T and a' < a, then a' e T. 

2. If a, a' e T, then either a r\ a' = ^ or a r\ a' < a and a r\ a' < a'. 

The dimension of a simplicial complex T is defined to be the maximum dimen- 
sion of simplexes in T . 

Thus, a simplicial complex is a collection of simplexes. If each simplex is 
regarded as a subset of M™, m > dimT, the union of all the elements in T is 
a subset of M"* too. It is called the polyhedron \T\ associated to a simplicial 
complex T and it holds dim|T| = dimT. 

Let X be a topological space. If there exist a simplicial complex T and an 
homeomorphism f : \T\ ^ X , then X is said to be triangulable and the pair 
(T, /) is called a triangulation of X. 

To be more precise let us consider a two dimensional simplicial complex 
T with underling polyhedron |T| and a vector {No{T), Ni{T), N2{T)), where 
Ni{T) € N is the number of z-dimensional simplexes in T. A Regge triangu- 
lation of a two dimensional Piecewise Linear (PL from now on) manifold M is 
an homeomorphism \Ti\ M, where each face of T is reahzed by a rectilinear 
simplex of variable edge length l{ai{i)), i = 1, . . . , Ni{T) of the appropriate 
dimension. 

A dynamical triangulation is a particular case |T;=a| M of a Regge tri- 
angulation in which a PL manifold is realized by rectilinear and equilateral 
simplexes of constant edge length: l{ai{i)) = a, Vi = 1, . . . , Ni{T). 

A triangulation of a two dimensional PL surface can be further described 
by its connectivity. This is specified via an adjacency matrix, i.e. the Nq x Nq 
matrix: 



A Regge Triangulation has connectivity fixed a priori. However, in the fol- 
lowing we will deal with triangulations with both variable edge length (thus 




(LI) 
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not dynamical) and variable connectivity. These structure have been first in- 
troduced in where they have been baptized Random Regge Triangulations 
(RRT). 

The metric structure of a RRT is locally EucHdean everywhere, with the 
exception of the vertexes ao{i) (also called the bones), where the sum of the 
dihedral angles 9{a2) of the incident triangles a can be in excess or in defect 
respect to the fiatness condition 9{i) = J2cr2- ^("'2) — ^tt, where the sum 
extends to all the triangles incident in the z-th bone. The first case is the 
negative curvature one, while in the second case, we speak of positive curvature. 
The correspondent deficit angle is defined as: 

= 2^- ^ 0((T2), z=l,...,7Vo(r) (1.2) 

If we denote with Kq{T) — {cro(*)}i* — 1; Nq{T) the 0-skeleton of the tri- 
angulation, then M\Kq{T) is a fiat Riemannian manifold, and any point in the 
interior of an r-simplex ar has a neighborhood homeomorphic to x C{lk{(Tr)), 
where is the r-dimensional ball in M™ and C{lk{ar)) is the cone over the link 
of ar {i.e. the product lk{ar) x [0, 1], with Ikljjr) x {1} shrinked to a point). 

For the simpler case of dynamical triangulations, the deficit angles are gen- 
erated by the CURVATURE assignment, i.e. the string of integers {(?(i)}il°i^^ 
which specifies the number of equilater triangles incident in the i-ih bone, via 
the relation: 

£{i) = 27r - q{i) arccos ^ i = 1, . . . , Nq{T). (1.3) 

For a regular (not necessary dynamical) triangulation we have q{k) > 3Vfc 
and, since each triangle has three internal angles, the curvature assignments 
obey the following constraint |6fl|: 

No(T) 



^ q{k) = 3iV2(r) = 6 



fc=l 



X{M) 
No{T) 



No{t) (1.4) 



1 _ X(M) 
^ No(T) 



where x(M) is the Euler-Poincare characteristic of the surface and 6 
is the average value of the curvature assignments. In particular, if we remove the 
constraint q{k) > 3 we are dealing with generalized RRT, namely configurations 
in which the star of a vertex contains only two or one bidimensional simplexes. 

In what follow, we will summarize the main results of jHI] showing that it 
is possible to geometrically characterize the metrical structure of a generaHzed 
RRT described above as a particular case of the theory of singular Riemann 
surfaces endowed with a Singular Euclidean StructureIZOI EH- In the 
next section, we will describe results, of (SOI; showing that this structure can be 
described in terms of complex functions theory. 

Let us consider the first barycentric subdivision of |T;| M and, within 
this subdivision, the closed stars of the vertexes of the original triangulation. 
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l(ij) 



L(k) 



Figure 1.1: Relations between the edge- lengths of the conical polytope and the 
edge-lengths of the triangulation 

They form a collection of two-cells characterizing a polytope P 

baricentrically dual to T. As remarked in [£T|, it is important to stress that we 
are not deahng with a rectiHnear presentation of P, where the cells are realized 
by rigid polytopes, but with a geometrical presentation of P, where the two-cells 
retain the conical geometry induced by the deficitary sum of dihedral angles of 
the original triangulation. To this end, we endow each cell with a 

polar reference frame, centered on the vertex ao{i). Denoting with (A(i),x(*)) 
the polar coordinate of a point p G p^{i), then is geometrically reaHzed as 
the space 



This definition characterize the conical Regge polytope |Pt, | M barycentri- 
cally dual to |T/| ^ M. 

The relation between the conical geometry of the barycentrically dual poly- 
tope |Pt, I M and the original triangulation data are fixed once they are given 
the lengths of the 1-simplexes of |T;| — > M. A direct calculation provides the 
lengths of the (third part of the) medians connecting the barycenter po{i,j, k) of 
the triangle defined by the bones o'o(«)j fo(j)and(To(fc), i, j, k = 1, . . . , N2{T), 
to the middle points of its edges. Following notation in jSO], let us denote with 
the length of the edge of the triangle connecting the bones ao{i) and 
fTo(j)i while L{k) is the length of the segment connecting its middle point with 




{(A(»),x(»)) I AW > 0; x(») £ R/(27r - £)Z} 
(0, X{^)) ~ (0, X'(0) 



(1.5) 



endowed with the metric 



(1.6) 
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po{i,j,k) {i.e. the third part of the median drawn from cro(fc), see fig. We 
can write: 

\ J 18 ^ 18 ^ ^ 36 ^ '■'^ 

and 





= 8P{i) 4 




- 4L^k) 






f 8L^{k) 


- ^L\^ 


f{k,i) 


^ 8L^{k) - 


f 8L^{i) 





In such a geometrical framework, let p^(fc) be the generic 2-cell barycentri- 
cally dual to the bone cro(fc), k — 1, . . . , Nq{T), and let us denote with: 

q{k) 

m = Y.L{p\i)) (1.7) 

i=l 

the length of its boundary, where L{p^{i)) is the length of its q{k) ordered edges 
p^{i) e \Pti \ — > M. If s{k) denotes the deficit angle associated to the bone 
(Jo{k) e M, the slant radius associated with the cell p^{k) £ |Pti | ^ M 

is defined as: 

ri'^) = ^^y ^ = 1,...,W) (1.8) 

We can associate to each two-cell p^{k) e |Pt, | M an open ball B^{k) = 
{p € p'^{k)/d{p'^{k))y, it is contained in st{ao{k)). To any vertex we can asso- 
ciate a complex uniformizing coordinate C(fc) defined on an open disk of radius 
r(fc): 

B''{k) ^ Dk(r{k)) = {C(fc) e C I < C{k) < r{k)} (1.9) 

In terms of C{k) we can write explicitly the singular EucHdean metric char- 
acterizing the singular EucHdean structure on each open ball as|fiT]: 

dsl = e^" lC(fc) - C(fc)(ao(fc))r2^MC(fc)p, (1.10) 

where u : i?^ ^ R is a continuous function such that 

ICW-CWK(fe))l^ c(.^c(.(.o.» ° ^'-''^^ 
IC(fc) - C(fc)K(fc))l ^ z > (i.iib) 
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Up to the conformal factor e^", Ijl.lflll is the metric of a EucHdean cone 
of total angle 6{k) — 2Tr — e{k). We can glue together the uniformizations 
{Dk{r{k))}'^^^^ along the pattern defined by the 1-skeleton of the dual Regge 
polytope and generate on M the quasi conformal structure: 

(M, Cs,) = U {Du{r{k)); dsl,^}tT (1-12) 

If \dt^\ is a conformally fiat metric on M, then the quasi-conformal structure 
(M, Csg) can be locally represented by the metric^fil^: 

dsl = e^''\df\ (1.13) 

with conformal factor v = u— J2k=i'^ ^"-ICC^) ~ Cik)icro{k))\. As there 

are no natural choice for u, the metric is only well defined up to conformal 
symmetry: this allows to move within the conformal class of all the metrics 
possessing the same singular structure of the triangulated surface \Ti \ M. 

This quasi conformal structure defines a RRT as a particular case of the the- 
ory of singular Riemann surfaces jMl- As a matter of fact, the singular structure 
described above can be summarized introducing the associated real divisor: 

^ j: um) Mk) = -oik) (1.14) 

fc=l ^ ^ k=l ^ ^ 

supported on the set of bones {o'oik)}^l^^\ The degree of such a divisor is 
\Div(T)\ — J2k=i'^ ^ ^ ^x{M). The real divisor characterizes the 
Euler class of the pair (|T;| M, Div(T)) (or, shortly, (T, Div{T))): Associ- 
ating to (T, Div(T)) the Euler number [7(1] 

e(r, DtviT)) = x{M) - \Div{T)\ (1.15) 

it is possible to rewrite the Gauss-Bonnet formula as: 

Lemma 1 Gauss-Bonnet formula for triangulated surfaces]ttl^ 

Let (T, Div{T)) he a triangulated surface with divisor: 

Na[T) 



fc=i 



associated with the vertexes incidences {o'o{k)}^^^^K Let ds^ be the conformal 
metric 111.1311 representing the divisor DivlT). Then 



J KdA ^ e(r, Div{T)) 



where K and dA are respectively the curvature and the area element correspond- 
ing to the metric Ijl.l3|l . 
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Since for a RRT it holds e{T, Div{T)) — 0, then ^ / K dA = 0, i.e. a trian- 
gulation |T;| <— M naturally carries a conformally flat structure. This result 
admits a non-trivial converse: 

Theorem 1 Troyanov- Picard'VUl 

Let ((M, Csg), Div) be a singular Riemann surface with a divisor such that 
e(T, Div{T)) = 0. Then there exists on M a unique (up to homothety) confor- 
mally flat metric representing the divisor Div{T). 

With these last statements, authors of j^I] fully characterized the metric 
triangulations as a particular case of the theory of singular Riemann surfaces. 
Moreover, thanks to the introduction of the real divisor II1.14|I and exploiting 
the Poncare-Klein-Koebe uniformization theorem, they showed that the singular 
Riemann surface ((M, Csg), Div) is a particular case of singular uniformizations 
of (M, No) = M-J2f=r^ CTo(i), thus including the study of RRT into the the- 
ory of punctured surfa.cesjfiTj. However, they stressed that in due to the presence 
of null euler number, this approach would have involved non standard techniques 
to be dealt with. Thus, they pursued further this analysis relating the space 
of inequivalent singular Euclidean structure to the theory of uniformization of 
singular EucHdean surfaces via the properties of Jenkins-Strebel quadratic dif- 
ferentials. 



Remark 1 We would like to .stress that the construction described above in- 
cludes naturally particular limiting cases of Regge triangulation like those situ- 
ations in which some of the vertexes are characterized by deficit angles s{K) 
27r, i.e. d{k) — 0. Such a situation correspond to having the cone C\lk{ao{k))\ 
over the link lk{ao{k)) realized as an Euclidean cone of total angle 0. These 
situations, which had always been considered as pathological, are no loger so in 
the connection introduced above: the corresponding two-cells p^ik) S |Pt, | M 
can be naturally endowed with the conformal Euclidean structure obtained by 
setting = 1 in The remaining object is then (up to the conformal 

factor e^^ ) the flat metric on the semi-infinite cylinder x M_|_ ( a cylindrical 
end). Alternatively, it is possible to consider p'^{k) endowed with the geometry 
of an hyperbolic cusp, i.e. an half-infinite cylinder endowed with the hyperbolic 
metric A(fc)^^((iA(fc)^ -I- dx{k)'^). The triangles incident in ao{k) are then real- 
ized as hyperbolic triangles with the vertex located at X{k) = oo ad null incident 
angle. The two points of view are strictly related: one can switch from the Eu- 
clidean representation to the hyperbolic one simply setting the conformal factor 

to e^" = {\tl \c^(k)-c(k){ao(k))\ ) ' '^^^ presence of cylindrical ends is consistent 
with a singular Euclidean structure as long as the associated divisor satisfies the 
topological constraint \Div{t)\ = —yiM^^GO^. 
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Figure 1.2: The two-cells p^(fc) of the dual polytope \Pti M\ can be geomet- 
rically represented by a punctured disk uniformized by a conical metric, while 
its 1-skeleton is in one-to-one correspondence with a trivalent ribbon gra,nh|fi7] 



1.2 Ribbon graphs on Regge polytopes: moduli 
space parametrization 

In the previous section we have shown that, given a triangulation |T;| — > M 
of a Riemann surface M, the two-cells of the dual Regge polytope \Pti \ ^ M 
are geometrically realized by punctured disks, uniformized by a conical met- 
ric. Moreover, the geometrical reaHzation of the 1-skeleton of the dual Regge 
polytope is a trivalent ribbon graph: 



({p°(fc)},{pi(fc)}) 



(1.16) 



where the {p°{k)}^^^p are the barycenter of the triangles {o'2(fc)}^i*^ G \Ti\ 
M, and {p^{k)} is the set of edges of \Pti \ M. These are generated by the 
pairwise joining of the half edges p^(fc)+ and p^{k)~ in through the barycenter 
W{k), /c = 1, . . . , 7Vi(r) of the edges {cri{k)}^l}l'> e \Ti\ ^ M. If we formally 
introduce a degree-2 ghost-vertex on each W{k), then the underling graph of 
\Pti I ^ is the edge refinement of F (see fig. I1.2|l : 



JVi(T) JVi(T) 
h=l j=l 



(1.17) 



The natural automorphism group Aut{Pi) of \Pti\ ~^ M (i.e. the set of 
bijective maps F = {{p°{k)}, {p^{k)}) ^ f = {{'^ (k)} , {p\k)}) preserv- 
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ing the incidence matrix of the graph) , is the automorphism group of its edge 
refinement [22I: -^ut{PTi) = AutT^^^. 

The local uniformizing complex coordinate C(^)) in terms of wich we have 
explicitly express the conical metric uniformizing the neighborhood of conical 
singularities, provides a counterclockwise orientation of the two cells of \Pt, \ 
M. Such an orientation provides a cyclic ordering of the set of half edges 
incidents on each vertex p^{k)^^^'': according to these remarks, the 1-skeleton 
of \Pti \ — > M is a ribbon (or fat) graph, i.e. a graph together with a cyclic 
ordering of the set of half edges incident to each vertex of F. Conversely, any 
ribbon graph F characterize a Riemann surface M (F) possessing F as a spine. 
Thus, the edge refinement of the 1-skeleton of the Regge dual graph of a RRT 
is in one-to-one correspondence with trivalent metric ribbon graphs. 

The set of all such trivalent metric Ribbon graphs F with given edge set 
e(r) can be characterize as a space homeomorphic to r!^''"-" (where |e(F)| is 
the number of edges in e(F)). The automorphism group Autp^^ acts naturally 
on r[^^'"^' via the homomorphism Autp^^ ®e(r) (©e(r)) being the symmetric 
group over |e(F)| elements). 

In this connection, let AutQ{Pi) C Aut{Pi), denote the subgroup of ribbon 
graph automorphisms of the (trivalent) 1-skeleton F of \Pti \ M that preserve 
the (labeling of the) boundary components of F. Then, the space KiRP^^^^ of 1 
-skeletons of conical Regge polytopes \Pti | — > A/ , with No{T) labelled boundary 
components, on a surface M of genus g can be defined by 

where the disjoint union is over the subset of all trivalent ribbon graphs (with 
labelled boundaries) satisfying the topological constraint 2 — 2g — No{T) < 0, 
and which are dual to generalized triangulations. It follows, (see (22] theorems 
3.3, 3.4, and 3.5), that the set ifii?^™^* is locally modeled on a stratified space 
constructed from the components ^^^'"^''^ /Autg{Pi) by means of a (Whitehead) 
expansion and collapse procedure for ribbon graphs, which amounts to collapsing 
edges and coalescing vertexes, (the Whitehead move in |Pt, | ^ M is the dual of 
the fiip move [221 for triangulations). Explicitly, if l{t) = tl is the length of an 
edge (j) of a ribbon graph '^i{t) € KiRP^^^^ , then, as t ^ 0, we get the metric 
ribbon graph F which is obtained from ^i{t) by collapsing the edge p^(j) . By 
exploiting such construction, we can extend the space to a suitable 

closure KiRP^'^^ [El, (this natural topology on i^ii?P™j^* shows that, at least 
in two-dimensional quantum gravity, the set of Regge triangulations with fixed 
connectivity does not explore the full configuration space of the theory). The 
open cells of KiRP'^^^ , being associated with trivalent graphs, have dimension 
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provided by the number iVi(T) of edges of |Pt, | M, i.e. 

dim [KiRP;;^] = ^i(^) = 3^^o(r) + 6g - 6. (1.19) 
There is a natural nroiection|60j 

p : (1.20) 

Ti — >p{r) = {Ii,...,Ino(t)), 

where (^i, ^Ar„(T)) denote the perimeters of the polygonal 2-cells {p^(j)} of 
\Pti \ ^ M. With respect to the topology on the space of metric ribbon graphs, 
the orbifold KiRP"^^^ endowed with such a projection acquires the structure 
of a cellular bundle. For a given sequence {Z(9(p^(/c)))}, the fiber 

p-\{mp\km) = - a/ e K,RP^%^ : {/,} = {mp\k)))}] (1.21) 

is the set of all generaHzed conical Regge polytopes with the given set of 
perimeterspO]. If we take into account the NqIT) constraints associated with 
the perimeters assignments, it follows that the fibers p~^({/(9(p^(fc)))}) have 
dimension provided by 

dim [p-\{l{d{p^k)))}] = 2No{T) + 6.9 - 6, (1.22) 

which again corresponds to the real dimension of the moduli space dJlg,No of 
A^o-pointed Riemann surfaces of genus g. 

The complex analytic geometry of the space of conical Regge polytopes which 
we will discuss in the next section generaHzes the well-known bijection (a home- 
omorphism of orbifolds) between the space of metric ribbon graphs 
(which forgets the conical geometry) and the moduli space dJlg^No of genus g 
Riemann surfaces {{M;No),C) with No{T) punctures [^, (22]. This bijection 
results in a local parametrization of ^X!ftg,No defined by 

h : KiRP;;X ^ ^ff'A^o x< (1-23) 
T^[{{M;No),C),k] 

where {h, Inq) is an ordered n-tuple of positive real numbers and F is a metric 
ribbon graphs with No{T) labelled boundary lengths {k} (figure 8). 

If KiRP^^lf^ is the closure of KiRP^^^, then the bijection h extends to 
KiRPg,No ^ ^9-^0 in such a way that a ribbon graph F G RGPg j^^ is 

mapped in two (stable) surfaces Mi and M2 with No (T) punctures if and only 
if there exists an homeomorphism between AIi and A/2 preserving the (labeHng 
of the) punctures, and is holomorphic on each irreducible component containing 
one of the punctures. 

As remarked in [^01, it is important to stress that even if ribbon graphs can 
be thought of as arising from Regge polytopes (with variable connectivity) , the 
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morphism lll.23|l only involves the ribbon graph structure and the theory can be 
(and actually is) developed with no reference at all to a particular underlying 
triangulation. In such a connection, the role of dynamical triangulations has 
been slightly overemphasized, they simply provide a convenient way of labeling 
the different combinatorial strata of the mapping ljl.23ll . but, by themselves 
they do not define a combinatorial parametrization of 97tg,Aro for any finite A^o- 
However, it is very useful, at least for the purposes of quantum gravity, to 
remember the possible genesis of a ribbon graph from an underlying triangula- 
tion and be able to exploit the further information coming from the associated 
conical geometry. Such an information cannot be recovered from the ribbon 
graph itself (with the notable exception of equilateral ribbon graphs, which can 
be associated with dynamical triangulations), and must be suitably codified by 
adding to the boundary lengths {k} of the graph a further decoration. This can 
be easily done by explicitly connecting Regge polytopes to punctured Riemann 
surfaces|60|. 

1.3 Dual uniformizations of a random Regge tri- 
angulated surface 

The genesis of a ribbon graph as underlying structure of a RRT has been 
shown very useful because it has allowed to parametrize the moduH space of 
a RRT via the morphism between the space of trivalent metric ribbon graphs 
and M.g^N x • Nonetheless, the full set of data we are handling include the 
conical geometry defined on the Regge polytopes. This can be codified in the 
above context by adding to the ribbon graph data {i.e. to the boundary lengths 
{L{^)}k=i^) ^ suitable decoration which arises naturally once we connect the 
dual Regge polytopes |Pt; | ^ M to the theory of punctured Riemann surfaces. 

In it was introduced a ribbon graph uniformization which, exploit- 
ing properties of Jenkins-Strebel quadratic differential, allowes to associate 
to a ribbon graph with given edge lengths {L{k)}^!^-^'' a complex structure 
((M, TVo), C), i.e. a punctured Riemann surface. This construction is a priori 
completely general: given a smooth Riemann surface with N marked points and 
(C, (pi, . . . , Pat)) and an ordered TV-tuple (oi, . . . , an) G , there is a unique 
meromorphic quadratic differential ^ (f) on M satisfying the following conditions: 

^Let us remember that an holomorphic quadratic differential defined on a compact 
Riemann surface M is an element of H^HC, Kc®"^) (being Kc®^ the second symmetric tensor 
product of the canonical sheaf on M , Kq). In a local coordinate frame on M the quadratic 
differential is represented by = f{z){dz)'^, f(z) being a locally defined holomorfic func- 
tion. Under a coordinate change w = 'w{z) the local expression = f{z){dz)'^ = g{w){dw)^ 
transforms as 




(1.24) 



32 



Dual uniformizations of triangulated surfaces 



1. 4> is holomorphic on C/(pi, . . . , pn)- 

2. 4> has a double pole at each pj, j = 1, . . . , N. 

3. The union of all non-compact horizontal leaves ^ form a zero- measure close 
subset of M. 

4. Every compact horizontal leaf is a simple loop surrounding one of the 
poles and satisfying: 



where the branch of the square root is chosen so that the integral has 
a positive value with respect to the positive orientation of 7j, which is 
determined by the complex structure on AI. 

This quadratic differential is called Strebel DIFFERENTIAL. The collection 
of all its compact horizontal leaves surrounding a pole forms a punctured disk 
centered on the pole itself The punctured disk ends on the set non-compact 
horizontal leaves connecting pairwise the zeros of the differential. The latters 
are joined to the pole by a vertical leaf(see The union of the punctured 

disks (with the punctures filled by the points (pi, . . . , p„)), of the zeros of (f) and 
of the non-compact horizontal leaves form the underlying topological surface of 
the Riemann surface M. 

In this sense, a Strebel quadratic differential defined on a nonsingular Rie- 
mann surface M of genus g determines a unique cell decomposition of M 
consisting of Nq 2-cells, Ni 1-cells and A'2 0-cells, where N2 is the number of ze- 
ros of the Strebel differential and it holds Nq~ Ni + N2 = 2 — 2g. The 1-skeleton 

A MEROMORPHic quadratic differential on M is an holomorphic quadratic differential with the 
exception of a finite set (pi, . . . , pjv) of points of M such that at each singularity pj of </> 
there is a local expression <f> = fj{z){dz)^ with a meromorphic function fj{z) having a pole 
at z = z(pj). If fj(z) has a pole of order r at z = z{pj), then we say that </> has an order r 
pole at 2 = z{pj). 

^Let us recall that given a meromorphic quadratic differential 4> = f{^){d-^)^ defined on 
M, a real parametric curve 




(1.25) 



7 : {a,b)3 7(t) = z eC 
parametrized on an open interval (a, b) of the real axis is 

• an HORIZONTAL LEAP (or HORIZONTAL TRAJECTORY) of (p if 




for every value of t g (a, b); 

• a VERTICAL LEAP (or VERTICAL TRAJECTORY) of </) if 




for every value of i £ (a, b). 
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of such a cellular decomposition, i.e. the union of the 0-cells and 1-cells of the 
the cell decomposition which is defined by the Strebel quadratic differential is 
a metric ribbon graph. 

Moreover, the set of all the vertical leaves that connect zero and poles of the 
Strebel differential, together with the cell decomposition induced on M by 
the non-compact horizontal leaves, form a canonical triangulation (in the sense 
described above) of M. 

With these remarks, in [^21 it had been shown haw to construct a canonical 
coordinate system on a Riemann surface M: once they are given a TV marked 
points M and an A^-tuple of real numbers, we simply have to introduce the local 
expression of the associated Strebel differential, where local means valid in each 
0,1,2-cell of D^. 

In l60j, this construction had been directly applyed to the triangulation 
\Ti AI\, once they have been performed the following identifications: 



(M, 




RRT 


{Pi, ■ ■ ■ 


, pn) ^ 




(ai, . . . 


, cin) ^ 


^ im = L{^p\^))}f:p 




•, ^ 


\Pt, I ^ M 



Let us stress that it does not hold the identification between and |T/| M: 
the canonical triangulation is obtained via the triangulation of each polygon 
of D^, while \Ti\^ M is the Regge dual of |PtJ ^ M (see fig. lOjl . 

Let us consider the dual Regge polytope |Pt, | — ^ M and its underlying ribbon 
graph r. Let p'^{i) e |PtJ ^ M, p^j) e |PtJ ^ M and p\k) G |PtJ ^ M 
be three pairwise adjacent two-cell barycentrically dual to the vertexes ao{i) e 
\Ti\ M,aoij) e \Ti\ ^ M,(Jo{k) S |T,| M (see figOJ. Each edge of the 
ribbon graph F is shared by two triangles of A^ which can be gluing together 
to get the purple diamond shape in fig. 11.41 This is the set of vertical leaves 
intersecting pi{i,j). Let po{i,j,k) and poUJ^i) be the two endpoints of the 
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strip and let us assign it an arbitrary direction, for example from pQ{i,j,k) 
to po{j,l,i). For an arbitrary point P the diamond, the canonical coordinate 
z{i,i) — J^^j.. . \/4>\pi{i,i) maps the diamond to the strip 

Up,i^,,j) ^ {z{i,j) ^ C I i) < z{i,j) <,l{p\i,j))] (1.26) 

of infinite height and width ^(/9^(i,j)), where l{p^[i,j)) is the length of the con- 
sidered edge, i.e. the strip is the local uniformization on the Riemann surface 
of the union of the two triangles. The local expression 4'\p^{i,j) of the Strebel 
differential is 

= {dz{i,j)f (1.27) 

On the other hand, the vertexes of the ribbon graphs are, according to the 
cellular decomposition induced by the Strebel difi'erential, the zero of the difi^er- 
ential itself. Every quadratic differential has an expression (j) — ^ {duj)^ 
around a zero of degree m — 2. Thus we can use it as the expression of the 
Strebel differential on an open neighborhood 

Upo(i,3,k) = W{hj,k) G C I \uj{i,j,k)\ < S, uj{i,j,k){po{i,j,k)) = 0} 

(1.28) 

surrounding po(i,j, /c). Since the 1-skeleton of |Pt, ^ M is a trivalent graph, 
m — 3 for each vertex, thus: 

9 

0lpo(ij,fc) = ■^^^ihj,k){dLj{i,j,k)f (1.29) 

The transformation law H1.24II on the intersection Up^(i_j^k) n Up^(^ij) gives 
the transition function between the two coordinates patches: 

uj{h,j,k) = \ e^»z(j, fc)i (1.30) 
ye^^z{k, h)i . 
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z(hj) 




Figure 1.5: The complex coordinate neighborhoods associated to the dual 
polytopejSO] 



Due to the conical geometry retained by the deficit angles, the extension the 
uniformization on the 2-cells of the cellular decomposition {i.e. on the Regge 
polytopes P2{i)) is a little more subtle. We will show that is possible to keep 
track of the conical geometry of the polytopes in two different ways, thus leading 
to two dual uniformizations. 

Since the condition H1.25II . we can choose a local coordinate C,{i) on an open 
disk C/p2 (i) defined by the union of all the compact horizontal leaves homotopic 
to cro(i) such that^ 



<^lp2(«) 



(1.31) 



47r2 C(i)2 

If z{i,j^), V = 1, qii) are the coordinates defined on the edges surrounding 



the given 2-cell P2{i), it holds on the intersections 

L{if dC{i 



P2{i) ^ Up-^s^i j^^y. 



(1.32) 



47r2 C(i)^ 

If we fix the integration constants such that the uniformizing unit disk 

Up.i^) = {C(*) e C I |C(*)| < 1, mM)) = 0} (1.33) 

covers the full polytope P2(i), we get the following transition functions on 



U, 



P2{i) 



n u. 



Pl(»Jn«) 



C{i) = exp I j7^^{L{i,jp) + z{i,j^)) 



V ^ 1, . . . ,g(i), 



(1.34) 



13=1 



where L{i,j) = l{p^{i,j)) and Y.p=i = if = 1. 



Since for any closed curve c 
Up^l^i) it holds 



■'Let us remember the identification a; ^ L{i), i = 1, . . . , No{T) 



Up^(^i) homotopic to the boundary of 

(1.35) 
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then the geometry associated with 4>\p2(i) is described by a cyHndrical metric 
associated with a quadratic differential with a second order pole,ie. 

= \<l>\p2{r}\ = |^(,)|2 ■ (1-36) 

We are deaUng with such a Hmiting situation hke those described at the end 
of section ll.il the punctured disk A* C C/p2(,j) 

a: = {C{^) e C I < |C(*)| < 1} (1.37) 

endowed with the cyHndrical metric l|1.3fi|l is isometric to a flat semi-infinite 
cylinder. 

To keep track of the conical geometry associated to the polygonal cell p^{i) 
we can recall that the conformal factor in Ijl.lOp defines the metric on the 
polytopes only up to conformal symmetry. Thus, for a given deficit angle 
e{i) = 27r — 9{i) we can conformally relate the cylindrical geometry ljl.36|l 
and the conical one lll.l()|l fixing the conformal factor u such that: 

^4) = ^mr'^m^)\' (i-38) 

We can eventually state: 

Proposition 1 'ffO*/ If {pk}kZi € M denotes the set of punctures corresponding 
to the decorated vertexes {cr°(fc), of the triangulation \Ti\ M , let 

^Pg^No space of conical Regge polytopes \Pti \ M, with No{T) labelled 

vertexes, and let ^g,Na &e the moduli space yyig,No decorated with the local metric 
uniformizations (C(fc), ds^^^) around each puncture pk ■ Then the map 

T : RPJ^No — 'Vg,No 

provided by 

T : (|Pt,| ^ M) ^((Af;iVo),C);{d4)}) - 

N2(T) Ni{T) No{T} 

- U f^p°(^J^fc) U ^P^(^J) U (1-39) 

defines the decorated, No-pointed, Riemann surface {{M;No),C) canonically as- 
sociated with the conical Regge polytope \Pti \ M. 

The dual decoration: trading curvature for moduli 

The dual decoration, which was introduced in jSO], is quite more subtle and 
arises when we open the cone over p^{i) into its constituent conical sectors. To 
show how it works, let Wa{k), a = 1, ...,q{k) be the barycenters of the edges 
i7^(a) e \Ti \ ^ M incident on a^{k), and intercepting the boundary d{p'^{k)) of 
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the polygonal cell p^{k). Let us denote with La{k) the length of the polygonal 
Hnes between the points Wa{k) and Wa+i[k) (with a defined vaoAq{k)). Let us 
go back for a while. In the uniformization endowed with the metric Hl.lOII 

(where we have set C{k){ao{k)) ~ 0) the points {M^Q(fc)} characterize a corre- 
sponding set of points on the circumference {C(k) G C | \C,{k)\ — Z(9(p^(fc)))}, 
and an associated set oiq{k) generators {Wa{k)(T'^{k)} on the cone C\lk{(j^{k))\. 
Such generators mark q{k) conical sectors 

So.(k) = [co.{k), d^ik)^ , (1.40) 

with base 

ca(fc) -{|C(fc)l - L{k), argW„(fc) <argC(fc) <argt^„+i(fc)}, (1.41) 

m 



slant radius §7^7, and with angular opening 



Mk) - ^0{kl (1.42) 

where 9{k) = 27r — e{k) is the given conical angle. The cone {Dk{r{k)),dsjf,^) 
(see eq. Ill.9|l l can be formally represented as: 

(Z?fc(r(fc)),rf4))=U^(^i5„(fc). (1.43) 

If we split the vertex of the cone and of the associated conical sectors Sa{k), then 
the conical geometry of {Dk{r{k)),dsjf.,i),dsji^-^) can be equivalently described 

by a cylindrical strip of height '''^^^(fc)^"'"''' decorating the boundary of p^(fc). Each 
sector Sa{k) in the cone gives rise, in such a picture, to a rectangular region in 
the cylindrical stripj^Ol- Introducing a complex variable v{k) = x{k) +iy{k) £ 
C, we can explicitly parametrize any such region as: 

R^^ik){k) = l^v{k) e C| < x{k) < L^ik), < y{k) < -^j . (1.44) 

In this connecion, we can go a step further. If we consider the full cylinder, 
we can think to parametrize it with the complex coordinate z introduced above. 
In this case the associated rectangular region is: 

Reik){k) = |«(fc) e C| < x{k) < L^{k), < y{k) < -^j . (1.45) 

By means of the canonical conformal transformation: 

C(fc) = e*f^"('=) (1.46) 
we can conformally map the cylinder into the annulus: 



A* 



{C(fc)eC I e-^^ < |C(fc)| < 1} cC/p,(fc). (1.47) 
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L(k)- 



s (k) 



Figure 1.6: Opening the conesffiQj 



Then the surface with boundary: 

A'2(T) Ni{T) No{T) 

Mo ^ {{Mo,No),C) = U ^P"i^^m U UpH^,J) \J iKik)Am\) 

{pO(jj,fc)} {p^^.j)} {pHk)} 

(1.48) 

defines the blowing up of the conical geometry of ((M, Nq), C, dsj^,-^) along the 
ribbon graph r[6Qj. 

The metrical geometry of {A*^^y\(f){k)\) is that of a flat cylinder with a 
circumpherence lenght given by given by L{k) and height given by -^^^ We 
also have 

No{T) No{T) 

(1-49) 

fe=i 



7Vo(T) No{T) 
k=l 



where the circles 



S. 



{C{k) 



e C 



m)\ 



e(k) 



= {C(fc) e C I |C(fc)| = 1} 



(1.50a) 
(1.50b) 



denote respectively the inner and outer boundary of the annulus A 



£(fc)- 



Note 



that collapsing S^^^,-^ to a point we get the original cones (A*,ds2^). Thus, the 
surface with boundary Mg naturally correspond to the ribbon graph F, naturally 
associated with the 1-skeleton of the dual Regge polytope |Pt, | ~* M, decorated 
with the finite cylindrical ends A*^^,^ |6()j . 

This latter uniformization had proven invaluable in discussing the modular 
aspects of simplicial quantum gravity, in particular, it allowed a detailed anal- 
ysis of the connection between the Weil-Petersson volume of the (compactified) 
moduli space of genus g Riemann surfaces with Nq punctures dJlg,Na and the 
dynamical triangulation partition function for pure gravity |60| . 

According to the above description, it follows that a metric triangulation can 
be seen either as the (singular EucHdean) uniformization ((M, iVo), C; ds(j,)) of a 
punctured Riemann surface, or as the uniformization of an open Riemann sur- 
face ((M,9M(fe)),C; |0(fc)|) with flnite cylindrical ends A*(^^jl]]. Underlying 

■^Let us recall that this is the slant radius of the generalized euclidean cone (A^,dsjj,j of 
base circumpherence L{k) and vertex conical angle 9{k) 
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this geometric duality there is the peculiar role played by the deficit angles e{k) 
associated with the vertexes of the triangulation. They represent the localized 
curvature degrees of freedom of the triangulation, and together with the perime- 
ter length L{k) of the 2-cell dual to the given vertex (puncture), they provide 
the relevant geometric information for uniformizing (with a conical Euclidean 
metric) the pointed Riemann surface around each puncture. Conversely, in the 
open Riemann surface with (iVo) boundaries 9M(fe), the deficit angles (again 
together with the corresponding 2-cell perimeters) are directly turned into geo- 
metric moduli of the associated annuli|?)7]: 

m{k) = -!-ln = 3——. (1.51) 

^ ^ 2n f,-2^F^ 27r-e(fc) ^ ' 

In other words, localized curvature can he traded into modular data. These two 
points of view merge one into the other when the deficit angles e{k) all degen- 
erate into 2iT. This corresponds to the Hmiting situation when the triangles 
incident on the given vertex of the triangulation are no longer Euclidean but 
rather ideal hyperbolic triangles: each finite cylindrical end turns into a hy- 
perbolic cusp. From a modular point of view we may say that the two dual 
singular Euclidean uniformization representing a given random Regge triangu- 
lation merge in a unique hyperbolic uniformization of the same underlying closed 
(pointed) Riemann surface. 
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Chapter 2 



BCFT on the annuli: 
Langlands' boundary states 



Starting from this chapter, we develop the natural framework to describe the 
coupling of a matter field theory with two dimensional quantum gravity in the 
framework described in the previous chapter, i.e. with the peculiar geometry 
defined the the dual uniformized open Riemann surface Mg (see eq. Ijl.48|l ') 
associated with the random Regge triangulation |r| M. 

The aim of investigating string dualities in such a discretized approach, leads 
us to deal with non-critical Polyakov string theory. Thus, let us consider D 
scalar fields X°', a,= 1, . . . , I?, defined as injection maps from the Riemann 
surface Mg to an unspecified target space T. In this connection, at fixed A'o 
and fixed genus g, the strategy we will follow to quantize the bosonic fields on 
the open Riemann surface with boundaries defined in equation H1.48|l calls into 
play Boundary Conformal Field Theory (BCFT). As a matter of fact, we will 
discuss the quantization of bosonic fields on each annular region , defined 
in lll.47|l . then we shall glue together the resulting BCFTs along the intersec- 
tion pattern defined by the ribbon graph F associated with the triangulation. 
Finally, as usual in (dynamical or random) triangulation, the coupling with two- 
dimensional gravity on the Riemann surface will be (at least formally) obtained 
by summing over all possible triangulation of the original Riemann surface M, 
i.e. in the dual picture, over all possible ribbon graphs F. 

When we describe the metric geometry of the triangulation |T/| M as 
the dual open Riemann surface Mg, we are actually unwrapping each conical 
2-cell p^(fc) of the dual polytope into a corresponding finite cyHndrical end. 
The restriction of each bosonic field to the outer boundary, X"(fc)| + , viewed 
as embedding variables, a priori injects S^'^^^-^ on a circle of radius R{k) whose 
length 2'KR{k) is not necessarily equal to the circumference of the boundary 
itself, i.e. L{k). The same is true for the behavior of the fields (injection maps) 
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on the inner boundary S^^f:-^ , so we can extend this behavior to the fields defined 
on the whole cyhnder and assume that in general they are compactified on a 
circle of circumference 27r-^^^'^, where l{k) is a lenght parameter built on the 
characteristic data of the triangulation. In order to not impose any restrictions 
over this "unwrapping" process, we will adopt the general condition: 

l{k) 

(2.1) 

stating that each field X°'{k) winds ^{k) times around the toric cycles of the 
compact target space T. 

Once we are given a Conformal Field Theory (CFT from now on) on a 
closed Riemann Surface {i.e. the Riemann sphere), the problem to extend this 
theory to a theory defined on surfaces with boundary is encoded into find which 
boundary conditions can be imposed consistently at the boundaries (in a more 
stringy language, this is the question of how many consistent open string theories 
can be added to a given closed string one). In our connection, we have to specify 
consistent boundary conditions for the fields X°'{(^{k),({k)), a ~ 1, . . . , D on 
the boundaries of the cylindrical region A*^^,^ : 

= {CW e C| |C(fc)| = e At} (2.2a) 

e C||C(fc)| = 1}) (2.2b) 

This problem is rather similar to the closed conformal field theory problem 
arising when we ask if, given a CFT on the Riemann sphere, this is sufficient 
to define uniquely the same CFT on higher genus surfaces. The answer to 
this question is known exactly: the theory on the sphere determines uniquely 
the CFT on higher genus surfaces because of locality of the Operator Product 
Expansions (OPE): their coefficients are uniquely defined on the sphere and 
do not "see" the different genus of the surrounding surface. However, asking for 
consistency on higher genus surfaces implies one more condition: the correlation 
functions must transform under the action of the modular group SL{2,Z) at 
genus one. 

An analogous general result holding for BCFT question is not really known. 
Once given a theory on the full complex plane, usually referred to as the bulk 
theory, what we know is the complete list of sewing constraints that have to 
be satisfied on if we introduce a boundary [JHI E|- However, it is not known a 
priori for which theory it is possible to find a complete set of solutions of these 
constraints. The set of examples in which a solution has been found shows 
that, even in this case, modular invariance plays a fundamental role: this is 
due to the similarity between the classification of modular invariant partition 
functions and the classification of non-negative integer matrix representation of 
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the fusion algebra (see [21] and references therein). To some extents, the theory 
of the compactified boson belongs to this set. 

The OPE coefficient, which are fully determined by the bulk theory, define 
an algebra of fields which the boundary conditions must respect. We will show 
that each boundary condition can be described by a coherent state built on the 
states space of the bulk theory. However, not every such a boundary states 
describes an admissible extension of the bulk theory. The main point is that 
boundary states must preserve the bulk algebra of fields stating a precise gluing 
relation between their left and right modes. 

Aiming to expose results in a self-contained way, we start the chapter with 
a brief introduction to the fundamental concepts in (boundary) conformal field 
theory. The expert reader can skip this part, and jump directly to section 

2.1 Bulk and Boundary Conformal Field Theory 

To some extents, the CFT associated to the compactified free boson belongs 
to the set of conformal field theories whose extension on an arbitrary surface 
with boundary can be completely work out once we know properties of the same 
theory defined on the full complex plane, this latter being usually referred to as 
the bulk theory. 

Let us recall that, given a vector space H and the vector space of linear en- 
domorphism of Ti. which are finite linear combination of homogeneous endomor- 
phism, we can define a field of conformal dimension [h, h) E an EndT^-valued 
formal power series in 

^icx) = E '^m.„c-"-''r"-l (2.3) 

i. e.the coefficient of this formal Laurent expansion are operators in EndF 

A bulk conformal theory is defined as an Hilbert space of states H'^'^K en- 
dowed with the action of an Hamiltonian 7?''-^' and of a vertex operation, i.e. a 
formal map 

$(^)(o;C,C): W^^^ - Endy[C,C] (2.4) 

associating to each vector |0) G Ti^^^ a conformal field (/<(C, C) of conformal 
dimension h,h. 

The bulk theory is completely worked out once they are known the coeffi- 
cients of the Operator Product Expansion (OPE) for all fields in the theory. 
Actually, this task is tractable for most of the CFTs, since the states in Ti^^^ 
(and consequently the associated vertex operators) can be organized into irre- 
ducible representation of the observable algebra generated by the chiral fields. 

Chiral fields depend on only one coordinate, ( or (, thus they are either 
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holomorphic or antiholomorphic: 

wio = E^^c""-"" w"(c) = E^^c""""" (2.5) 

m m 

where the index a labels the different chiral fields in the theory and and 
/i" are respectively the conformal weig hts of WiC) and W (C). Their Laurent 
modes and W'!^ generate two commuting chiral algebras, W and W, which 
we will assume to be isomorphic. 

The Virasoro fields T and T play a special role among the chiral fields of 
a CFT. Their modes L„ and i„ close two copies of the Virasoro algebra with 
central extension c: 

[Lm , Ln] = (m - n) Lm+n + '^'"'i'"^ ~ l)^m+n,0 
Pm , Lri\ = (m - n) Lm+n + ^'^("^ ~ l)^m+n,0 

The Virasoro algebra belongs to the enveloping algebra of the chiral algebra 
W. As a matter of fact, since we can represent the holomorphic and antiholomor- 
phic components of the stress-energy tensor as the ordered (creator-annihilator) 
product T{z) = 7 ■.W{Q'^W{Q"' :, we get a representation of the their Laurent 
modes via the Sugawara construction: 

Lo = E • ^" + l^^of (2.6a) 

Ln = (2.6b) 

The action of the chiral algebra modes W„i and W„i determine a decompo- 
sition of the Hilbert space into all the irreducible modules of the two commuting 
chiral algebra: 

= 07^A ^ (2.7) 

where the vectors (highest weights) {A"} and |a"| are the charges {i.e. respec- 
tively the Wq and Wq eigenvalues) associated to all the possible ground-states 
(highest weight states)|A) and |A)^, and where each chiral module is defined as: 

Ha = Span{H^^„^...M/^„„|A) | > Vz = 1, . . . , 7V} . (2.8) 

An equivalent definition holds for the antiholomorphic sector. 

^Let us recall that such ground-states are defined via the relations (holomorphic sector): 

VK^|A> = Va = l, ...,dimWandVn>0 
W^|A> = Va = l, ...,dimWandVn>0 
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From these definition we can introduce the vertex operator associated to a 
holomorphic ground-state |A): 

^^(C) ^ $('^H|A>; = c;,e/^-(';)'*«e^^^«z*^«e/^+ (2.9) 

where A±(C) = J2m>o A W^±rnZ^™^^, c\ is an arbitrary cocycle and g is a posi- 
tion operator. 

The vertex operator associated with a single oscillator acting on the confor- 
mal vacuum is defined by: 

a>(^)(w^^„|o); c) = dc ^"^^^ ^^-^^^ 

For a general homogeneous element |0) = . . . W^^j^^\X), hnearity of 

EndTi ensures: 

-:$(^)(W^-i„jO); . . . ^^^Hwl^^jO); O^^^HlA); C): (2.11) 

In the definition ()2.7|l . the module Ti.° refers to the vacuum representation. 
From the reconstruction equations 112.911 and l|2.in|l . we see that it is mapped 
directly into W by the vertex operation defined by 

Each irreducible representation TC^ receive a Z-grading by the action of Lq. 
As a matter of fact the Lq eigenvalues {i.e. the conformal weights) 

Lo(W^-mi • • • T^-™„)|A) ^ mi + ... + niN + h\X) 

define the level of a state as: I ~ X^iLi ™j that each irreducible representa- 
tions of W can be decomposed as 

= 0H,-^. (2.12) 

l>0 

With the above remarks, we see that each copy of the chiral algebra fulfills all 

the requirements of a vertex algebra^: for the holomorphic sector, the grading 

^Let us recall that given a Z-graded vector space V = 0^ Vm, an endomorphism E of y 
is homogeneous of degree j if E,(Vm) £ Vm+j. Thus we can define[76]: 

Definition 1 A VERTEX ALGEBRA is a collection of data: 

• a "L-graded vector space of states V = 0^_q Vm! 

• a vacuum vector |0) S Vq 

• a translation operator lo : V ^ V of degree one; 

• a vertex operation, i.e. a linear map $(o, z) : V ^ EndV\\z,z~^]] taking each state 
\4>) &Vn into a field of conformal dimension n 

subjected to the following constraints: 

• VACUUM axiom; ^{\G),z) = Iv 

• TRANSLATiONAL AXIOM; For any \4>) S V , [ll), ^{\4>), z)] = dz^{\4>), z). 

• LOCALITY axiom; all ficlds $(10), z) are mutually local with each other. 
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of the Hilbert space is the one induced by the action of Lq described above. 
The conformal vacuum is identified with the ground state |0) — |A = 0), whose 
associated vertex operator is indeed I-h ■ Finally, the role of a traslation operator 
is played by which satisfies C) = ^^(I'/'L C) and $(|0), C) = 0, 

as we can see directly applying the Sugawara representation Il2.6|l . 

Let us consider, for each irreducible representations of the holomorphic^ 
chiral algebra H^, the eigenspace of 0-level states V^^, i.e., in the case that 
are the highest weight representations of the chiral algebra, the subspace 
containing only the (eventually degenerate) highest weight state. It will carry an 
irreducible action of the horizontal subalgebra of W (i.e. the subalgebra closed 
by all the zero modes Wq) via the action of the associated hnear map: 

- WS\v^^ : Vo^ (2.13) 

As a consequence, ip\{C) defined in equation Ij2.9|l is the holomorphic part of 
the ( Virasoro primary) fields which arise as W-primary via the action of the hor- 
izontal subalgebra {W^o }. We can gather the holomorphic and antiholomorphic 
part in a single W-primary field (p^^ ^^{C C) associated to states in V^^ (E) Vq . 

2.1.1 Glueing conditions and boundary fields 

Dealing with open string theory naturally impose to study the consequences 
of conformal invariance on surfaces delimited by one or more boundaries, on 
which we have to define suitable field behaviour. The prototype example, mostly 
investigated in literature, is the BCFT defined on the Upper Half complex Plane 
(UHP from now on). Its results are easily extended to other restricted geometries 
via suitable local conformal transformations. 

Thus, let us consider the complex coordinate z = x + iy and let us restrict 
ourselves to 3z > 0. In the interior part of the domain, the structure of the 
boundary CFT is fixed by the requiring local equivalence with the associated 
bulk theory: thus, locally, there is a one-to-one correspondence between fields of 
the boundary theory and fields of the parent bulk theory. Their local structures 
coincide in the sense that both theories have identical equal time commutators 
with chiral fields and identical operator product expansions. In particular, it 
exists a stress energy tensor Txi^x2 (2;, y) defined in A*^^^ and, in this connection, 
the presence of a boundary for = requires that no energy fiows across the 
boundary itself. Introducing the holomorphic and antiholomorphic components, 
T{z) — 2{Txx + iTxy) and T{z) = 2{Txx — iTxy), this implies the condition 

T(z) = T(z)|,=o. (2.14) 

When the bulk theory contains other chiral fields W and W of conformal di- 
mension hw and /i-jy , we have also to require the following continuity condition: 
■'Obviously, the same holds for the antiholomorphic sector 
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Wiz) = QWiz)\y^o (2.15) 

where fl is an automorphism of the Dynkin diagram associated to the extended 
chiral algebra |77j . To keep contact with the notation mostly used in lit- 
erature, we use Q to define the glueing authomorphism on the bound- 
ary. It has not to be confused with the compactification radius ri"(fc). 

Since they are defined only on half complex plane, W and W are not sufficient 
to construct the action of two commuting copies of the chiral algebra. However, 
the assumption of the existence of continuity conditions in H2.14|l and H2.15|l has 
the powerful consequence to give rise to the action of only one copy of the chiral 
algebra on the state space Ti^^^ of the boundary theory. As a matter of fact, 
we can combine W and W into a single object W(z) which, considering the 
conformal field theory defined on the UHP domain can be chosen as: 

iw(z) whenSz > 
W(z) = < _ " (2.16) 

miy(z) whenSz < 

Obviously, different domains allow for different choices of W(z). The key point 
is that, thanks to the gluing condition on the boundary, the field we are now 
dealing with is analytic on the whole complex plane; thus, it can be expanded 
in a Laurent series: W(z) = ^„ Wn z^"^ , introducing the modes: 

Wi"^ = — f dzz''+'''^-^W(z) - — [ dzz'^+^'^-^VLW(z) (2.17) 
2vri Jc 2711 Jc 

Ward identities for correlators of the boundary theory can be retrieving from 
the singular part of the OPE of chiral fields with bulk fields (p{z,z). OPE are 
fixed by requirement of local equivalence between the bulk theory and the bulk 
of the boundary theory. In we define the singular part of W with W>(2:) — 
X]n>-ft W^n^ " 'N The singular part of the OPE is then given by 

W(«;)^(C,z) ~ [W>(u;), ^(C,z)] = 

( (u; -!)»+/» HWP^-^ + (^^_\)n+H H^WI^^^-^ (2-18) 

We have placed a superscript (C) on the modes wi^^ , W^^^ to display clearly 

that they act on the elements S 7i^*-^^ labeling the bulk fields in the theory. 

Let us drop superscript (H) from now on: objects without superscripts are 

intended to belong to the boundary theory, while we will put the superscript 

(C) when we will have to consider objects belonging to the bulk theory. 

The sum on the right hand side of equation Ij2.18|l is always finite because (p 

is annihilated by all modes W^!^'' with sufficiently large m. For SJui > 

(c) 

only the first terms involving Wn can become singular and the singularities 
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agree with the singular part of the OPE between W(w) and ip{z, z) in the bulk 
theory. In the same way, the singular part of the OPE between QW{w) and 
ip{z, z) in the bulk theory is reproduced by the terms which contain , if 

'^w < 0. 

For future utility, let us specialize formula (I2.18|l to the case of a chiral 
current 3{w) (thus hj — 1) acting on a primary field (px,\ G Hx ^Ti-x- In this 
case, equation H2.18|i reduces to 

i{w) ip^-^{z, z) ~ vy^-^{z, -z) - z) (2.19) 

w — z ' ' w — z 

The Hnear maps Xy^ and X^j has been introduced in equation H2.13II : they act 
on ip-^ ^ by contraction in the first tensor component. 

Ward identities for arbitrary n-point functions of fields tpij follow directly 
from equation Ij2.18ll . They have the same form as those for chiral confor- 
mal blocks in a bulk CFT with 2n insertions of chiral vertex operators with 
charges ii, . . . ,in,uj{ji), ..,uj{jn), where uj is the automorphism of the fusion 
rules algebra induced hj fl. In many concrete examples, one has rather explicit 
expressions for such chiral blocks. So we see that objects familiar from the 
construction of bulk CFT can be used as building blocks of correlators in the 
boundary theory ("doubling trick"). Note, however, that the Ward identities 
depend on the gluing map Q. 

Thanks to Ward identities and bulk fields OPE we can reduce the compu- 
tation of correlators of n bulk fields to a product of 1-point functions {4>ij)a- 
These no longer vanish close to a boundary because, traslation invariance to- 
wards the boundary itself is broken, and they can depend both on their distance 
from the boundary itself and, more in general, from the boundary condition. 
Transformation properties of bulk fields with respect to Lq, L±i and Wq fix the 
form of the one-point function to 

{4>^,(z.z))^ = (2.20) 

where Af^ : Hq ^ Hq obeys X.\yAfj — AfjX.-'^^. This last relation impHes 
j — LL>{i~^), thus hi = hj. 

These parameters are not completely free. Sewing constraint has been 
worked out by several authors (see jJI], |78j and references therein). In partic- 
ular, if we consider the two point function of bulk primary fields {4>ij)a, cluster 
properties of CFT and conformal Ward identities (see j2Hl and [J^ for further 
details) allows to write the following relation for 1-point function coefficients: 

AfA^^Y.^,,,A^A'^, (2.21) 

k 

where we have defined Af ^ coefficients S^-fc can be expressed as 
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combination of the coefficients of bulk OPE and of the fusing matrices relating 
the conformal blocks of the bulk theory. 

The existence on the boundary of the gluing map Q, defined in (l2.1Fi|l . give 
rise to the action of one chiral algebra W on the state space of the boundary 
theory and inducing a decomposition of the open CFT Hilbert Space H into 
irreducible representations of W [75] : 

W = 0Va. (2.22) 

X 

This allows to introduce a new one-to-one state-field correspondence $ be- 
tween states \ip) € Ti. and so-called boundary fields ^p{x), which are defined (at 
least) for x on the real line (JHI- Let us suppose that boundary condition does 
not jump on the real axis (we will understand the meaning of this assertion 
later). Thus, it exists a unique SI2 invariant vacuum state |0). Then, for any 
state \ip) € H, there exists a boundary operator tpix) = ^{ip; x) such that: 

V'(a;)|0) = e''^-'\i:) (2.23) 

for all X in the real line. In particular, the operator ip{0) creates the state from 
the conformal vacuum state |0). Note also that L_i generate translations along 
the boundary. 

The conformal dimension of a boundary field ip{x) can be read off from the 
Lo-eigenvalue of the corresponding state \ip) € Tl. If |V') is a primary state of 
conformal weight h, definition of conformal modes analogue to Ij2.17ll leads to: 

[L„ , i;{x)] = x"" (^x-^ + h{n + l)^{x)^ (2.24) 

The boundary fields assigned to elements in the vacuum sector coincide with 
the chiral fields in the theory, i.e. W(a;) — ^{w; x) for some w G and ~ 0. 
These fields can always be extended beyond the real line and coincide with either 
W or QW in the bulk. If other boundary fields admit such an extension, this 
suggests an enlargement of the chiral algebra in the bulk theory. 

Decomposition Ij2.22ll also implies that the partition function may be ex- 
pressed as a sum of characters Xi{Q) oi the chiral algebra, 

ZinMl) TrH(9^°-^/'^) = ^nf"x.(9), (2.25) 

i 

where nf" e N are multiplicity coefficients. 

The existence of boundary extra fields motivates to consider more general 
correlation functions in which the bulk-field on the interior of the UHP appear 
together with boundary fields ip{x). Following the standard reasoning in CFT, it 
is easy to conclude that the bulk fields (fij {z, z) give singular contributions to the 
correlation functions whenever z approaches the real line^ij. This can be seen 
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from the fact that the Ward identities describe a mirror pair of chiral charges i 
and uj{j) placed on both sides of the boundary. Therefore, the singularities in 
an expansion of ip{z,z) = ipij{z,z) around x — are given by primary fields 
which are localized at t a; on the the real line, i.e. the boundary fields ip{x). 
In other words, the observed singular behavior of bulk fields Lp{z, z) near the 
boundary with associated boundary condition a may be expressed in terms of 
a bulk-boundary OPE [3j 

^(z,z) - (2?/)''^'"""' Vfc(x), (2.26) 

k 

where ipk{x) are primary fields of conformal weight hk. Which ^pk can possibly 
appear on the rhs. of Il2.2fi|l is determined by the chiral fusion of i and but 
some of the coefficients C^j. may vanish for some a. 

2.2 The quantum amplitude on the annulus 

To work out an explicit expression for an (open) string amplitude over Mg, let us 
approach to the problem dealing first with building blocks of such an amplitude, 
i.e. the partition functions over the annular domains ^J(fc), = 1, . . . , A'^o- 

As first remark, let us notice that the computation can be performed in- 
dependently for each component X", a = 1, . . . , D. As a matter of fact, in 
a stringy language the world-sheet action for the bosonic fields (string coordi- 
nates) is: 

S = ^ j dCik)dC{k) Gc,f3ik)dX''{k)dX'^{k) + Bai3{k)dX''{k)dX^ik^ 

(2.27) 

where G{k), B{k) and $(fc) are respectively the background metric, the back- 
ground Kalb-Ramond field and the dilaton. Sometimes in string theory liter- 
ature the components of G and B, which encode the geometrical data of 
the background, are gathered into a matrix E, whose symmetric part is G and 
whose antisymmetric part is B: 

E = G + B. (2.28) 

E is usually called BACKGROUND MATRIX. 

We will deal with fiat toroidal backgrounds, i.e. we will consider a string 
moving in a background in which D dimensions are compactified and the metric 
G, the Kalb-Ramond field B and the dilaton are X independent. In particular, 
in the Polyakov background, we will put to zero the i?-field and we will encode 
all data about the background metric in the compactification radius value, so 
that the background metric can be chosen diagonal and with Gaaik) — IVa = 
1, . . . , D. Then, the world-sheet action on A*^^^,^ is: 

S = ^ [ dC{k)dC{k)dX°'{k)dX''{k) (2.29) 
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For the compactified boson, the dynamical degrees of freedom are defined via 
the modes of the bosonic fields ({k)) obeying the equation of motion 

9aX°(C(fc),C(fc)) = A{k) = 0, where A(fc) is the Laplacian defined over A*(^). 

The bulk theory sees a free boson as a closed string injection map propa- 
gating from the remote past (y — > -co) to the remote future (y -co) and, 
after the conformal mapping in equation H1.46|l , we can write the following mode 
expansion: 

x"(c(fc),c(fc)) - x^ik) - ipi{k)\uc{k) - ipi{k)\uak)+ 

* E^(<wr" + (2.30) 

where we can identify the center of mass momentum components with the chiral 
zero modes: 

Pl{k) - a^(fc) p^(A:) = Qo"(fc) (2.31) 
The only chiral fields are the holomorphic and antiholomorphic currents 

j"(C) = z9X"(c) = T.n<C^-' and j"(C) = idx^iO = E„<r""' 

which generate, for each field a = 1, . . . , Z?, -/Vq copies of the affine u{1)l ® 
u{1)r algebra: 

[a^(fc) , a^(fc)] = n5„+,„,o<5"'^ [<(fc) , o^(A:)] = n5„+„,,o5"''^ 

[a':Xk).at{k)\ =Q. (2.32) 

At this level we can think that the theory on each cylindrical end decouples 
from the others. Thus, from now on, we will suppress the polytope index (fc). 
We will assume to have iVo copies of the same theory, and we will explain later 
how data propagate over the ribbon graph, i.e. how these different copies glue 
over it. 

The bulk Hamiltonian is H — ^ (^h'^o + + 5 X^m^^o ' '■^^ + ' ' 
from which, replacing the expression of Virasoro generators obtained via the 
Sugawara construction in this particular case,eq. H2.6|l with central extension 
c = D, we get: 

H^""' - I + ^" - i) ■ (2-33) 

In the diagonal decomposition (12.711 of the Hilbert space into irreducible 
representations of the two chiral algebras, A and A are the (real numbers) u{1)l 
and u{1)b. charges respectively. 

Due to the winding condition Ij2.1|l . highest weight states carries different 
charges w.r.t the action of the zero modes ao and Oq. The total Norther's mo- 
mentum is = ^ I^A" -f A"^ , while the variation of a-th field along a closed 
cycle is X"(fc) {e^"C, e'^^C) - X"{k) (C, C) = 27r (ag - Hq). Thus, the holo- 
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morphic and antiholomorphic charges 

We can collect the holomorphic and antiholomorphic ground-states into a single 
object |A", a") = |A"^ |A"^ j,)). The action of Heisenberg algebra on this 
vacuum is obvious: 

I (m", ^^")> = ® 1 1 (m", ^")> = a,^|Af^,,)> ® |A"^,.)) (2.35a) 
I (a*", j^")) = I ® < I (a*", i^")) = |Af^,,)) <E> KK^.)) (2.35b) 

and the associated chiral primary field is ■.e^'^"'^'-^''^ g^^^aX^iQ-^ 

Chiral Fock spaces are constructed by applying the rising operators on the 
chiral vacua. From the Sugawara construction of Virasoro generators, we see 
that Ln \ 1 v"")) — OVri > 0, thus the vacua form a continuous set of highest 
weight states with holomorphic (resp. antiholomorphic) highest weights h ~ ^X^ 
(resp. h = ). 

The decomposition of the Fock spaces in term of Verma modules is straight- 
forward: since the descendant states are obtained by the repeated application 
of a_„, n > 0, which is equivalent to the repeated application of i_„, n > 0, 
because a_„ also raises the conformal dimension of n, the Fock spaces and the 
Verma modules coincide, TC^ = V'^. However, this happens only as long as 
A 7^ \/2m, with m G ^Z. On the other hand, when A = ^/2m with m e ^Z, 
the presence of a null state^ at level 2\m\ + 1, causes each Fock space to be 
a reducible representation of the Virasoro algebra and to decompose into an 
infinite sum of Verma modules: 

oo 

HV^™^0V(H+O= (2.36) 
1=1 

Let us stress that this decomposition has nothing to do with the grading induced 
by the zero modes of the Virasoro algebra and shown in equation Ij2.12ll : this last 
decomposition holds for each value of the left and right chiral algebra charges. 

This decomposition shows an hidden SU{2) symmetry. As a matter of fact, 
the Virasoro highest weight state with highest weight h = p spans in the set 
■^Let us recall the definition and the main properties of a null statejSOJ: 

Definition 2 Null state 

Any descendant state state \x) = i-fe^ • ■ ■ L^j^, fci, . . . , fcn > 0, which is annihilated by all 
the Virasoro generators Ln with n > is called a singular vector (or null vector or 

NULL STATE j. 

Such a state generates its own Verma module S V''': as a matter of fact, singular vectors are 
orthogonal to the whole Verma module, and this property extends to all its own descendants. 
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{H^™ a (2|m| + l)-dimensional multiplet built with all the Ui highest weight 
defined by a value of m fulfilling the condition {\m\ + I) — j^, I G Z+. 
The same holds for the antiholomorphic sector, thus we can write[78|: 

/.v.™ ^4^%® ® (v,.-^--«Vp-^^-^) (2.37) 

As outlined in the introduction, from a microscopic point of view, adding 
boundaries implies to define suitable boundary values assignations. In a stringy 
language, it means to work out which open string theory can be naturally related 
to closed string. As well known, closed string theory is naturally coupled to 
interacting open string. In this connection, our cyhndrical end can be viewed 
both as an open string one-loop diagram or as a tree level closed string diagram, 
with a closed string propagating for a finite length path. In the open string 
(direct) channel, time fiows around the cylinder. The associated quantization 
scheme defines functions of the modular parameter t — i9{k) = i(27r — e(fc)) (see 
eq. The close string (transverse) channel, sees time flowing along the 

cylinder, and the associated quantization scheme is related to the open string 
one via the modular transformation t — i. In the following, we will switch 
back and forth between these two points of view and the associated quantization 
schemes. 

The amplitude associated to this diagram is a deep-investigated object when 
the boundary assignation are a priori defined as the usual specification of Neu- 
mann or Dirichlet boundary conditions (for a review see [81, and references 
therein). However, when we describe the metric geometry of the triangulation 
I Til ^ M with the Riemann surface Mq, we are actually unwrapping each coni- 
cal two-cell of the dual polytope |Pt, | M into a finite cylindrical end, in such 
a way that the barycenter behavior of the eventually coupled matter gets "dis- 
tributed" over the full outer boundary S'^^^j . Thus, in our description, we well 
follow the procedure outlined by Charpentier ans Gawedzky in which al- 
lows to specify the amplitudes on an arbitrary Riemann surface with boundaries 
and with an arbitrary specification of fields on them. In a general framework, 
let us consider a two-dimensional compact (not necessary connected) Riemann 
surface S with boundary = |J/Li ^i- If we parametrize the boundary loops 
5/ € S by analytical real maps pi : Sj, then the field theoretical propa- 

gation amplitude over the Euclidean surface S is formally given by the following 
functional integral over the injection maps X ; S ^ T: 



{Xopj = Xi} 



(2.38) 
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where S[X] is the eudidean action of the bulk CFT, VX is the formal measure 
on the target space and the field X is restricted to take prescribed values Xj 
over the boundary loops Sj. 

The rater abstract and formal expression H2.38|l acquires a precise sense when 
we deal with a bosonic field defining a fiat toroidal background. As a matter 
of fact, if we call S the full set of possible boundary assignations, is is always 
possible to fix some real map Xd 

Xci : E -> R (2.39) 

which maps dT, diffeomorphically and with the prescribed orientation in S {i.e. 
it exists a real map Xd such that Xd o pi ~ Xj) and such that Xd is an 
harmonic function w.r.t As, the Laplacian operator defined over S. Then, for 
a generic field, we can write: 

X = Xd+X (2.40) 

where Xd is the harmonic function described above, while X : S R is the 
collection of the off-shell modes of X satisfying 

X opi = (2.41) 

This last condition impHes the diagonal decomposition of the bulk action, 
S[X] = S[Xd] + S[X]. Moreover, expanding X = J2 cmXm , where Xm are 
the non zero modes of the Laplacian {A^Xm — ^mXm, ^ OVAf), we 
finally get: 

=^e-^[^='lxdet'[-|^]^ (2.42) 

where the prime means the exclusion of the zero mode, while N is the normal- 
ization of the Laplacian eigenfunctions. This last expression clearly diverges 
and needs to be regularized. If S = A*(.^-j and N is the cylindrical end area, the 
standard Riemann Zeta-function regularization technique gives 



det' 



87r26'(fc) 



11 . ^ 

j= (2.43) 

47r Vimr 7?(g) 



where is the Dedekind-77 function with argument q = e^^'"'^ . 

To define a suitable parametrization of the on-shell mode, let us switch to 
the transverse channel. The modular transformation t ^ — i redefines 

11 , . 

(2.44) 



The Laurent expansion of the classical mode X"(C(fc), C,{k))d, a= 1,...,D 
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on the annular region i^- 

x"(c(fc),c(fc))c/ = x^{ak))ci + x^imu 

x'^imu = ^ + a"(fc)inc(fc) + Y.x:(k)c{k) 

X^{ak))ci = ^ + b"{k)\nak) + Y.Xl{k)T{k) (2.45) 

Following a prescription introduced in |8.2: and specialized to the compacti- 
fied boson in [2^1, it is possible to parametrize the classical field H2.45|l in term 
of its restrictions to the boundaries S'^^^^) and S^^^^^-^ : 

x'^{kU\+ = x"(c(fc),C(fc))U(+) = ^o" - + ^"W) + 

id{k) (a"(fc) - 6"(fc)) + ^6,^(fc)e*"^('=) 6^„(fc) = 6„(fc) (2.46) 

x^ikU^ = x"(c(fc),c(fc))|^,-, = x^ + 

z0(fc)(a"(fc) - 6"(fc)) + ^a^(fc)e^"''('=) a^„(fc) = a„(fc) (2.47) 

where we have introduced the two sets of coefficients {a"} and {6"} having the 
following expression in terms of the Laurent's modes X"{k) and x"{k): 

al =e"^^^"X^(fc) + e^^^"X!„(fc) (2.48a) 
hl^XZ{k)^x\{k) (2.48b) 

Redefining the compactification radius as ri"(fc) — -7^^, the winding 
boundary conditions impose the consequent parametrization of the difference 
between the coefficients a"(fc) and 6"(fc) 

a"(fc) - 6"(fc) = -iiy{k)n°'{k), v{k) e Z, (2.49) 

The last term to parametrize is the difference between X°'{k)ci\+ and X°'{k)ci\~- 
This can be achieved 66j via an integer number ^(k) e Z and a real parameter 
i"(fc) e (0, 27rl7"(fc)][nSl 

a"(fc) + 6"(fc) = t^ik) + 27r^(fc)r2"(fc). (2.50) 

Then, the classical solution is fully parametrized by the two set of complex 
numbers {a^} and {b'^}, obeying the reality conditions a"^{k) = a„(A:) and 
l>"n{k) = bn{k), the couple of integers {n{k),v{k)) G I? and the real number 
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e (0, 27rl7"(fc)][nSl: 



x"(c(fc),C(fc))c/ - + 



2 + 7r/i(fc)f7"(fc) - i^f]"(fc) 
+ 7r/i(fc)r!"(fc) + i^r!"(fc) 



InC(fc)- 
InC(fc) - 



(2.51) 



With these parametrization the "classical term" of the full amplitude will 
be completely determined in terms of the boundary values of the Laurent ex- 
pansion of the classical configuration, modulo the pair of integers (/x(fc), ;/(fc)) 
which parametrizes the coefEcients a"(fc) and b°'{k). Thus, the sum over all the 
independent "classical configurations" in equation Ij2.42ll is worked out summing 
over all values of the couple of integers {fi{k), '^{k)). This leads to the further 
factorization jSE]: 



where: 



-S[x°(c(fe),C(fe)),,] 



Ai(K(fc)}{&"(fc)}) E^^'(^"W'^"(^)'^")' (2-52) 



A.i{{aZik)}mk)}) 

n 8 

n > L 



k / 1 + n^" 2o" 



1 - 



q2n 



(2.53) 



and 



Y,AMk),Kk),n = E 



(2.54) 



The full amplitude is then 



A{{aZ{k)}mk),e{k)}) = A.i{{a'^{k)}mk)}) 

m<i) 



E 



(2.55) 
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2.3 Generalized Langlands boundary states and 
their conformal properties 



On the annular domain A*|.j,j boundaries are concentric circles centered on the 
origins. In radial quantization, boundary conditions are imposed by propagat- 
ing states from an initial (coherent) state i^^^t ) residing on the inner 



boundary 5^^^^ to a final (coherent) boundary state "^"^ ^)('S'^(s,p^ naturally 
associated to the outer boundary -S*^^^) • The Hamiltonian generating this trans- 
lation is H^^") = {Lo +~Lq + , while the propagator is 
Therefore, the amplitude on the cylindrical end can be formally written as: 



:.(+)■ 



~Lo + Lo - 



(2.56) 

The main goal of was to find a formal map which associates to each 
boundary assignation {(/x, u), {a„}} (resp. {{p, v), {&«}}) a well defined coher- 



ent state 



( + )■ 



The procedure, on one hand, exploits the exact correspondence between the 
couple of integer parameters of the classical part of the partition function and 
the integers which parametrize the left and right zero modes of the compacti- 
fied bosonic field, while on the other hand it introduces a couple of functions 
j4^^ (a„, a_„) and (&„, 6_„) of only two parameters, whose explicit 

expression can be extracted rewriting Aci{{an{k)} {bn{k)}) in the form|fifi]: 

oo 

A/(K(fc)}{6^(fc)}) = n E (2-57) 

71 — 1 nil ,7712 

Let US introduce the following generalization of Langlands boundary states: 



n 



/ J - mi ,m2 \ 71 ' 
71—1 rni ,m2 



Km",^^")) (2.58) 



and 



n 



/ y ^mi,m2 



71—1 rni ,7712 

with 1^-11 = t" and 



|(M",i/")) (2.59) 



An (a a \ _ iTrs{mi+m2) 

'(2zV^a^)™i-™^y^e-2"l<l'i(;r.^-'"^)(4n|a^|2) mi > ma 



(2.60) 
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with Lm2^ ™^'(o) the 77i2-th Laguerre polynomial of the (mi — TO2)-th kind. By 
replacing the a" with the 6", and by conjugation (induced by the orientation of 
the boundary), we get also (6^, = A^^^^Jb^^. 

Let us stress that the above formula is a generalization of the original Lang- 
land's boundary states. As a matter of fact, the explicit expression in |66^ did 
not include the phase factor e*^s(™i+"i2) Jqj. ^jjg A^^ j^^ and Bl^^ „^^ coefficients. 
The introduction of such a phase factor is natural since these coefficients enter 
in the partition function via the combination in equation Ij2.57ll . Moreover, its 
presence is crucial if we want the boundary states to describe the most general 
kind of boundary condition. 

From a macroscopic point of view, we can assume the presence of a brane 
emitting and adsorbing the boundary states via non-perturbative processes. 
In the same way, in the open string scheme, branes are those objects open 
strings endpoints lay on. Boundary conformal field theory allows to define 
branes in a microscopic CFT language, without any referring to target space 
geometry: the boundary CFT describes the perturbative properties of the open 
string-brane system. In this connection, the role of boundary states is obvious: 
they contain the complete informations about the static D-branes. However, as 
stressed in the introduction to this chapter, not every linear map such that one 
defining generalized Langlands boundary state actually describes an admissible 
boundary state, i.e. a coherent static D-brane configuration. To restrict the set of 
boundary states to an admissible one, we have to implement the glueing relations 
H2.14II and 112.1511 directly on H2.58II and 112.5911 . Through radial quantization, 
i.e. mapping the cylinder into the annulus via l|1.4(i|l . the H2.14|l and Ij2.15ll 
translates into 

enc) = C'r(C)||ci=ijci=9- (""-^^(0 = C^^mOlicNUcH?- (2-6i) 

Introducing the Laurent expansion of involved fields, we get the following 
conditions applied to boundary states: 

(Wn - i-lf^n(W,n)) \\B)) = (L„ - L_„) \\B)) = (2.62) 

where ||s)) is a generic conformal boundary state. 

In our connection, the only chiral fields involved besides Virasoro fields are 
the holomorphic and antiholomorphic currents J(C) and J(C) generating the 
Heisenberg algebra Il2.35|l . Being the current algebra abelian, the possible gluing 
maps reduces to: 



^(c) = m 

JiO - -AC) 



(2.63a) 
(2.63b) 
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which are respectively mapped into 

(a„ + a_„) \\B)) = 0, (2.64a) 
(a„ - a_„) \\B)) = 0. (2.64b) 

The Sugawara construction H2.6II ensures that this conditions are sufficients 
to enforce conformal invariance encoded in Ij2.14ll . 

With a careful computation, which exploits recursion relation of Laguerre 
polynomials, and which is reported in appendixEl we reduced generahzed Lang- 
lands boundary states to the Dirichlet and Neumann Ishibashi states associated 
with the free bosonic field X"(/c): 

|(m«,0)), (2.65) 



and 



(D) / ^ 1 

\ri=l 

(N) / °° 1 \ 



(2.66) 



The most general boundary state will be a superposition of these states, 
weighted by suitable coefficients: 

\K{S^:,^))r' = E y,is[-^))T^ (2.67a) 

||r«(5(-))))W = ^C. yASi^l^))^''^ (2.67b) 

The glueing automorphism VL in lj2.15ll is sufficient to determine such coef- 
ficients uniquely. Strong constraints on their expression derive directly by the 
relation II2.21|I relating coefficients of bulk-fields one-point function. To show 
how this works, let us introduce a more compact notation. Let us omit the 
vector index a. Moreover let us introduce: 

• at fixed glueing map Vt, let \I\{p)f}n be the collection of all the Ishibashi 
states which are built on the primary states of the Hilbert space of the 
BCFT defined over A^^^^; 

• let Y be the collection of all the indexes X{p) labeHng such Ishibashi states: 
obviously, Y <zy^ where y = {(/i, v)} is the collection of labeling associ- 
ated to the irreducible representations oi ul{1) x ur{1); 

• let us denote with A — {A{p)} the set of all possible boundary assign- 
ments, including both the glueing condition and the dependence from 
other parameters, which we include in a collective index a. Thus, each 
A{p) e A will be a pair A{p) = (SI, a)^] 



^We do not assign a polytope index to the sets of labels Y, y and A since the BCFT 
constructed is the same over each cylindrical ends, thus these sets coincide over each A*^^^ 
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• let us indicate with ||r(p-)(a)))^^ the collection of all the admissible boundary 

:(-) 



states on the boundary S^,'. of A* 



e(p) e(p)- 

With the statements above, let us write the relation between the boundary 
states and the Ishibashi states as: 

= E KtJ)\lHP))f^ (2-68) 
A(p)ey 

^Mp) ^^^'^S \hp))) projection on ||r(p)(a)))". 

CoefRcients ^^(p) are strictly related both to bulk fields one-point function 
coefficients A^^l^^^ in Il2.2flll and to coefficients C^lp)\(p) entering int the bulk-to- 
boundary expansion (I2.26|l |74ll78[r7Kj . In particular, exploiting transformation 
properties of correlators under the conformal mapping relating the finite cylinder 
to the annulus, one can show [78] : 

= (2.69) 

Replacing this identity into II2.21|I . we get the constraint over the boundary 
states' coefficients ^: 

from which we get the boundary states: 

(2.71) 

i.e. the Dirichlet boundary state describing a boundary loop lying on a D-brane 
positioned at = i+, and the states 



(2.72) 

i.e. a Neumann boundary states describing a boundary loop moving in the 
associated direction. In the above formula, i+ is the U{1) holonomy naturally 
associated to the boundary loop. 



^This is the specialized version of the sewing constraint holding for the projections of 
boundary states Ha)) of a Rational Conformal Field Theory on the associated Ishibashi states 

k 

where C'f^ and Fj-i ^ ] are respectively the fusion coefficients and fusion matrices of the bulk 
theory 



Chapter 3 

Boundary Insertion Operators 



To complete the description of the BCFT on the full Riemann Surface, we need 
to discuss how the Nq distinct copies of the theory, each one living on a different 
cylindrical end A*^^,^, interact along the underlying polytope \Pti\ M. In 
a remarkable intuition proposed that this interaction could be mediated 
by boundary conditions changing operators, whose presence is predicted by 
boundary conformal field theory |79[ ITH] (see the general theory presented in the 
previous chapter). 

In this chapter starting from this statement, we sHghtly modify it. We 
describe interaction on the ribbon graph introducing, beside ordinary boundary 
condition changing operators, a new class of operators which mediate the change 
in boundary conditions which actually take place non locally on the boundary 
shared by two adjacent cyHndrical ends. As a matter of fact, while in ordinary 
boundary conformal field theory a jump in boundary conditions on the boundary 
is explained by the local action of boundary operators, this feature does not fit 
completely our model, both because, after the glueing process we do not deal 
with a true boundary, but with a "separation edge" between the two adjacent 
cylindrical ends, and because we do not have a jump in boundary conditions 
taking place in a precise point of this edge (which we will go on caUing boundary, 
for the sake of simplicity) but with two different boundary conditions which, in 
the adjacency limit, coexist on this shared boundary. From these considerations, 
it follows the description of the dynamical glueing of the No{T) copies of the 
bosonic BCFT which we present in this chapter. 



3.1 Boundary Insertion Operators 

In the background defined in section 12.1.11 it may happen that a boundary 
condition changes along the real line. In radial quantization, this situation is 
explained with the presence of a vacuum which is no longer invariant under 
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p(q) • 




Figure 3.1: The insertion of boundary operators on the shared boundary be- 
tween pairwise adjacent polytope allows to define the superposition of different 
boundary conditions^! 

the action of L^-*. In |7ijj it was proposed that such states were obtained by 
the action of a boundary operator on the true vacuum, i.e. it may happen 
that boundary operators induce transitions on boundary conditions along the 
boundary. These boundary condition changing operators are associated with 
vectors in the Hilbert space depending on both the boundary conditions, and 
they cannot be obtained from bulk fields through a bulk to boundary OPE. 

In this section we will propose a slight modification of this picture, introduc- 
ing a particular class of boundary condition changing operators which, Hving 
on the boundary shared between two adjacent polytopes and carrying an ir- 
reducible action of the chiral algebra, will mediate the change in boundary 
conditions between pairwise adjacent cylindrical ends. 

To fully understand this statement, let us first analyze the geometry on the 
neighborhood of a shared ribbon graph edge. Ribbon graph's strips represent 
the uniformization of the singular structure of the RRT in the neighborhood 
of the 1-skeleton of the original triangulation. The ribbon graph arises as a 
consequence of the presence of a locally uniformizing coordinate C(^)) which 
provides a counterclockwise orientation in the 2-cells of the original triangula- 
tion: such an orientation gives rise to a cycHc ordering on the set of the half 
edges {p^ik)"^} f,^^ incident on the vertexes {p^ik)"^} f,^^ , stating a 1-to- 
1 correspondence between the 1-skeleton of the original triangulation and the 
set o trivalent metric ribbon graphs. In this connection, let us consider two 
adjacent cylindrical ends A*^^^ and ^l^q)'- these are dual to the adjacent cells 
and p^{q). The cyHndrical ends are glued to the oriented boundaries OTp 
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and dVq of the ribbon graph, which are denoted respectively by dTp and dT^. 
Let us consider the oriented strip associated with the edge {p, q) of the tri- 
angulation and its uniformized neighborhood (Upi(^p^q), z{p, q)) and let us take 
in (Upi(^pq'f,z{p,q)^ two infinitesimally neighboring points zi = xi + iyi and 
Z2 ~ X2 + iy2 such that xi = X2. Thus, if j/i -^0 we are approaching the 
intersection between the boundary dTp of the ribbon graph and the oriented 
edge {p, q) , while when j/2 ^ we are approaching the intersection between 
the boundary dTq of the ribbon graph and the oriented edge p^{q,p). From a 
BCFT point of view, this leads to the conclusion that, in the adjacency limit 
described above, the "effective boundary" between two adjacent cyHndrical end 
is unique and shares the two different boundary conditions associated to S"^^^^ 
and5(-;. 

In this connection, it is no longer correct to argue the presence of vacuum 
state which is not invariant under translations along the boundary. The shared 
boundary is obtained glueing two loops, each of them being part of a domain, 
on which we have defined a self-contained BCFT, with its associated Hilbert 
space and vacuum state invariant under translation along the boundary loop. 

Thus, in order the glueing process to take place coherentely, we have to 
require that each state of the Hilbert space melt without breaking the conformal 
and chiral symmetry of the model. This leads to the definition of Boundary 
Insertion Operators. 

A CFT is consistently defined on each cylindrical end once we have imposed 
constraints in H2.61|l . In particular, speciaHzing to the Virasoro fields, on A*j^p-| 
inner boundary we have 

cipfnap)) = cb)'T(c»)iic(p)i=i (3.1) 

while in the inner boundary of A*^^^ it holds: 

C{qfT{a<l)) = C(9)'T(C(9))l|c(,)|=i (3.2) 

This conditions allows to combine, on each cyHndrical end, T and T in 
a unique object (well defined conformally mapping the cylinder into a semi 
annular domain in the UHP), thus allowing to associate to each cyHndrical end 
a single copy of the Virasoro algebra (the same obviously holds for the other 
chiral fields, see eq. Il2.17|l l. 

In this connection, we can pursue further this last construction, and im- 
plement a non symmetry-breaking glueing of two adjacent cylindrical end by 
associating, to each pairwise adjacent couple of them, a unique copy of both 
Virasoro and chiral algebras. To achieve this, let us consider the neighborhood 
of the (p, q) edge defined in lll.26|l and uniformized with the complex coordinate 
z{p,q). Conformal mappings between z{p,q) and the coordinates uniformizing 
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Figure 3.2: A small integration contour intersecting the {p, q) edge of the ribbon 
graph 



each cylindrical end are define as: 

where it holds z{q,p) = —z{p,q). We can easily express the holomorphic and 
antiholomorphic components of the Virasoro fields defined on each cylindrical 
end in term of the strip coordinate. For the holomorphic components we have: 

r(,)(zb,g)) = T(rt(Cb)) (^1^) ' (3-4a) 

T(,)(z(g,p)) = T(,)(C(,)) {'^^) ' ■ (3-4b) 

Analogous relations hold for the antiholomorphic sector. 

Rescaling z{q,p) = —z{p,q), then we perform the glueing asking for the 
following relations to hold: 

T(p){z{p,q)) ^ Tf^q){z{p,q))\y(p,q)^o (3.5a) 
T{p)iz{p,q)) = T(q)(z(p,g)) |y(p,,)=o (3.5b) 

These relations allows to associate to each pairwise adjacent couples of the- 
ories a single copy of the Virasoro algebra. As a matter of fact, these glueing 
conditions allows to define a unique holomorphic component of the stress energy- 
tensor as: 

/T(p)(z(p,(7)) ifz{p,q) U Cip) ^ 
[T(,)(z(g,p)) ifz(g,p) U C(<z) ^ 

The same holds for the antiholomorphic sector, allowing to define a unique 
T{z{p,q)). Moreover, Tjp^j and T{z(j),q)) are not independent, because of 
relations Ij3.1ll Il3.2|l . Thus, to each pairwise adjacent couples of cylindrical ends, 
we can associate a unique copy of the Virasoro algebra. This can be defined 
considering a small integration contour crossing the {p, q) boundary, Hke that 
at the rhs of fig. |S21 

Thanks to the continuity condition along the boundary, we can actually 
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write: 




1 



/ 

Jc 



2m 



C(p..q) 

1 



2m 



/ 

Jc 



dz{p,q)z{p,qy-+%{z{p,q)) + 



2m 



1 



/ dz{q,p)z{q,pr+%{z{q,p)) (3.7) 



JC(q) 



A similar reasoning can be performed for the other chiral fields of the model, 
but performing a particular attention at the gluing maps Q. in II2.16|I . As a 
matter of fact, we must keep in account the fact that this glueing process must 
relate relate the two glueing authomorphisms ri(p) and ri(g) associated to the 
BCFTs defined respectively on and ^^(q)- 

With the above remarks, we can associate to each pairwise coupled BCFTs 
a unique Hilbert space carrying a representation of the u(l)(p ,j) algebra. Con- 
sequently the associated collection of boundary operators will have a primary 
u{l) (and Virasoro) index A(p, q). We ask the pair of polytope indexes (p, q) to 
be ordered, assuming that this means that the operator in question lives on the 
"p-side" of the boundary of the strip connecting with . Moreover, 

these operators carry the information about the conformal boundary condition 
over S^j\, thus they are labeled by another index A(jp): 



(with x{q,p) — diz{q,p)) the associated operator, transformed under the con- 
formal mapping z(p, = — z{q,p). According to the above assumptions, oper- 
ators in 113. 9|l live on the q- side of the {p, q) edge, thus carrying the information 
about the boundary condition on S'^j^j ■ 

However, the above distinction between p-side fields and g-side ones is merely 
artificial, since the spectrum of boundary operators associated to a given edge 
is unique. The natural consequence of this is that each of them must carry the 
information about the boundary conditions adopted on both 'S'^j^) and •S'^^^^ . 

Thus the complete labeling of Boundary Insertion Operators (BIO) which 
arises from the BCFT defined on the (p, q)-eAge is 



(3.8) 



where a; (p, g) — ^z{p,q). 

In the same way, we can define with 



(3.9) 




(3.10) 



In this connection, these objects naturally mediate the change in boundary 
conditions between pairwise adjacent boundaries. The labels ordering, indicates 
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the "direction" in which BIO acts, with the understanding that: 

^"}^B(,M^^P)) - (3-11) 

At this level of the discussion, the action of BIO is still purely formal. Since 
the switch in boundary conditions (from A{p) to -B(g) and viceversa) will act 
both on the glueing authomorphism and on the Wilson line/brane position (see 
remarks before equation Il2.fi8ll l. we can relate their action to an authomorphism 
of the algebra relating the two glueing maps ri(p) and ri(g) (see equation ll2.1fi|l V 
Moreover, BIOs are chiral primary operators of the U(l) algebra: their expres- 
sion suggests to adopt a description analogue to that one introduced in for 
usual boundary operators in Rational Conformal Field Theory (RCFT). They 
can be represented as Chiral Vertex Operators (CVO) which, in every point 
of the boundary, map the coupling between states defined by the boundary 
condition A(p) and states belonging to the A(p, q) representation of the chiral 
algebra to the spectrum of states which defines the boundary condition B{q). 
We can introduce a pictorial description of the interaction as represented by the 
( non local , because the switch between boundary condition take place along the 
full boundary) interaction vertex: 

A(p, q) 



A[p) ,B{q)A{p) B{q) 

This kind of interaction is equivalent to the usual chiral vertex which rep- 
resent the map from the fusion of two representation of the (bulk) Virasoro 
algebra A(p) and X'ip) to the representation A"(p). 

The analogy stated with the usual CVO formaHsm is purely formal, since the 
"fusion" process described above involve different objects Hke boundary states 
(which are superposition of Ishibashi states) and irreducible representations 
of the chiral algebra. However, this analogy allows to specify the conformal 
properties of these operators. It is possible, a priori, to assign a multipHcity 
index to BIOs, t = 1,..., Nx{p\^^''^ for each i^A{p)B{q)(''') which takes into 
account the degeneration which can occur in the map process described before. 
Moreover, BIO are primary operators of the boundary chiral algebra, thus their 
conformal dimension coincide with the highest weight of the Vx (p, q) module of 
the U{1) (Virasoro) algebra: 

Hip,q) = ^X{p,qf (3.12) 
BIOs five on the ribbon graph, thus their interactions are guided by the 
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trivalent structure of T. A careful and exhaustive analysis, which has been 
entirely reported in appendix El shows that this structure allows to define all 
fundamental coefficients weighting the self-interaction of boundary insertion op- 
erators. Two points functions are well defined on the edges of the graph, while 
OPE coefficients naturally defines the fusion of different boundary insertion op- 
erators interacting in N2{T) tri-valent vertexes of T. Moreover, we have shown 
that thanks to the trivalent structure of the ribbon graph, we can define a set of 
sewing constraint these coefficients must satisfy. Remarkably, these constraints 
are perfectly analogues to the sewing constraint introduced in for boundary 
conditions changing operator, thus enforcing the analogy between these latters 
and BIO, which merge dynamically the iVo(T) copies of the BCFT which are 
defined on Mg. 



3.2 Investigations at the T-duality self dual ra- 
dius 

The above description can be pursued further if we explore the rational limit of 
the compactified boson BCFT, i.e. the limit 

n{k) - nik),.,. = ^^^^ = V2 (3.13) 
i(k) 

where fl{k)s.d. is the self-dual radius, i.e. the fixed point of T-duality transfor- 
mation 17 — > ^. If we substitute ft — \/2 into H2.34II . we obtain A^.^ — 

and \s.d — ^^^2*^^ ' ^^^^ ^"^^ falling exactly in the situation described in 
section 1221 The holomorphic and antiholomorphic conformal dimensions of pri- 
mary fields are respectively hs.d = ( ^"^'^ ) and hg ^ = 2 '^ ) ' they are 
the square of an integer or semi-integer number. In full generality, we can write 
h{p) — j{pY , j{p) e This lead to the presence of a null state at the level 
2j -I- 1 in the correspondent U{1) module, which consequently decompose into 
into an infinite set of Virasoro ones. Consequences of this can be understood 
considering the torus partition function associated the compactified boson with 

Z{V2) = -i-^ + (3.14) 

If we redefine m = fi + v and n = fi — v such that m — n — 0mod2, 
H3.14II reads 

ZiV2) = J2 (3.15) 

I ' ^ -' I m,n 

m — n — mod2 



^In this discussion we will omit the polytope index: it will be restored when we will deal 
again whit the interaction of the A^o copies of the BCFT on the ribbon graph 
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We can introduce the extended charactersjSflj: 

Coir) - 4t E '^^'"^ - 4t E = ^ (3.16a) 
r]{T) ^ t][t) ^HL mT) 

^ ' meven ^ ' rnGZ 

77 r) 7?(t ^-^ ri[T) 

where 6',;(t) is the i-th Jacobi Theta function. The partition function now 
reads: 

Z(V2) = |Co(r)p + |Ci(r)p. (3.17) 

We have actually reorganized the infinite Virasoro modules into a finite num- 
ber of extended blocks which transforms linearly into each others by modular 
transformation. The extended S'^^^ matrix, which encodes the modular data via 
the relation C^{-\) = 5f/*Cj(r), readsjEDI: 

(3.18) 

These extended blocks are identified with the two irreducible representa- 
tions of the affine algebra su(2)fc=i, namely the vacuum representation Tio, 
generated from a state transforming in the singlet of the horizontal su(2) al- 
gebra, and the representation Hi, for which the highest weight state trans- 
form into the fundamental representation of the horizontal su(2) algebra. Thus, 
when il(fc) — fl{k)s.d., the BCFT defined over each cylinder is equivalent to an 
su(2)fc=i-WZW model: it is an extended non-minimal model generating a Ra- 
tional Conformal Field Theory (RCFT), a theory whose possibly infinite Verma 
modules can be reorganized into a finite number of extended blocks. These are 
irreducible representations of an extended symmetry algebra playing the role of 
chiral algebra for the underlining CFT. 

In this connection, the set of labels associated to the irreducible representa- 
tions of the chiral algebra is finite, y — {O, ^}, and the Hilbert space is written 
as: 

Hw. = ® nt^'^) ® {np'^ ® np'^) . (3.19) 

Since they will be useful in the following discussion, let us summarize the 
main features of the conformal field theory associated to the su(2)fc=i WZW 
model. su(2)i (bulk) primary fields a,re|8(1|: 

o,o),(o,o)(2,2) = I (3.20a) 

i),(i,_i)(2,z) = e V2 ^ >e 

The associated boundary theory is defined by a set of glueing conditions on 
the boundary (see formula H2.16II V Let us remember that, once we are given 
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a glueing authomorphism, we can associate to each irreducible representation 
of the chiral algebra an Ishibashi state|H3>*-e- a coherent state solution of the 
constraint Il2.fi2|l . In this connection, let us denote the two Ishibashi states 



which are associated with the Hq"'"^^ and the Til"'-^-' modules respectively with 

2 

with |0)) and \^)). A remarkable property defined by Cardy in [JHI states that 
the set of boundary conditions of a rational boundary conformal field theory are 
labelled exactly by the modules of the chiral algebra, while the correspondent 
boundary states are given bv(79|: 

\\Aip))) = ^ -S^m)) (3.21) 

In the case of su{2)k=i-WZW model, we can write y = A = {O, i}, while 
formula Ij3.21ll specializes to: 

II J)) = 2-^10)) + (-1)2'^ 2-^ withJ = 0,i (3.22) 

These properties allow for a complete definition of BIO of a rational confor- 
mal field theory. As a matter of fact, since both boundary states and boundary 
operators are identified by primary labels of the extended chiral algebra, in 
analogy to what happens for boundary conditions changing operators of ratio- 
nal minimal models, we can define the glueing process as the fusion between 
the representations associated to the two adjacent boundary states and the one 
BIO carries. Thus, let us consider the {p,q) edge p^{p,q). If \\J{p))) and \\J{q))) 
are the boundary conditions shared by p^{p, q), BIOs on p^{p, q) are defined as: 

i.e. they are the su{2)k=i primary fields weighted by hte fusion rule j(p 
The latters are given by a combination of the S'^^* matrix entries via the Verlinde 
formula 

cext qext -qCxt 
^^J{p)3{p,q) - oext y-^-^V 

ley 

As it stands, this construction, valid for the su(2)fe=i model, does not apply 
to the compactified boson at the self-dual radius flg.d- As a matter of fact, even if 
the Hilbert space of the two models is the same, the boundary theory associated 
to the latter one is quite more complicated. It will lead to the definition of BIOs 
of the compactified boson at the self dual radius as truly marginal deformations 
of the operators in H3.23|l by the action of 50(3) elements. 

We will dedicate the remaining part of this section to the demonstration of 
this statement. 

Due to the Sugawara construction, each highest weight representation of 
su(2)fe=i is also an irreducible representation of the c = 1 Virasoro algebra. 
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whose generators commute with the horizontal su{2) ones. Thus, we can decom- 
pose each irreducible representation of su(2)fc=i entering in II3.19|I with respect 
to su{2) (g) Vir: 

OO 

Hf(^) = E^in + ^y^nTil (3.25) 

n=0 

where Vh is the conformal weight h irreducible representation of the Virasoro 
algebra, while 7^^"*^^^ (resp. Ti™^^'') is the {2j + l)-dimensional representation 
of sm(2) (resp. su{2)). The bulk Hilbert space then decompose as: 

oo 

■Hhuik = E (V^ ® %) ® {np'^ Hp'^) . (3.26) 

n,rr — 
n + n even 

As we outHned before, the representations of the Virasoro algebra which oc- 
cur in the decomposition are all degenerates. Due to this, the set of Virasoro 
primary fields is larger than in the case of generic compactification radius. The 
decomposition H3.26II shows that, for fixed (m, n), the U{1)l x J7(1)_r represen- 
tation of momenta Xg.d. and Xg.d. contains the Virasoro representation provided 
that both |m|, \n\ < j and j — m and j — n are integers. Conversely, if m 
and n satisfies these constraints, the representation ® of the Vira- 

4 4 

soro algebra enter exactly once into the representation of t/(l) x U{1). Thus 
the Virasoro primary fields can be labelled by the triple of indexes (j; m, n), 
with the constraint |m|, |n| < j. This is the celebrated discrete SERIE of 
STATEs[Hl[|HSIIH3IHHI '^j,mfpj,n- The associated Ishibashi states are defined in 
literature as |j, to, n))|H2|. 

The arising of the discrete serie of states is strictly related to the deformation 
of an open bosonic string theory obtained by adding suitable boundary operators 
to the action. As a matter of fact, authors of [H3 showed that the discrete 
spectrum generated by the free boson once it is compactified at the T-duality 
self dual radius can be equivalently explained with an open string model in 
which one end of string is subjected to Dirichlet boundary conditions while, on 
the other end, the boundary condition is dynamically defined by adding to the 
action the following boundary term: 

/I / - X(t,0) - X(t.O) \ 

dt- ige'^ +ge \ (3.27) 

They showed that the discrete serie of states cited above saturates the dynamic 
of the boundary problem, since Neumann boundary states has null momentum, 
and the period of the boundary momenta is such that it injects momenta which 
are integral multiples of namely the values carried by the discrete states [H^. 

This effects is part of a wider connection in which, once we are given a 
boundary conformal field theory, we can associate it different models consider- 
ing fiuctuations in boundary condensate, where the condensate is defined by a 
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boundary term added to the bulk action: 

S = Sbuik +9 J dx^p{x) (3.28) 

If the operator il!{x) is truly marginal (for what this means, see appendixEJ, the 
deformation does not take the model away from the renormalization group fixed 
point[ZH|- Thus the bulk theory remains unvaried, and the perturbation efi^ects 
involve only a redefinition of the boundary conditions, thus affecting boundary 
states and the boundary operators. 

For the sake of completeness, we have included in appendix [0 a compre- 
hensive introduction to the fundamental concepts and techniques in marginal 
deformations of a boundary conformal field theory. These techniques will be 
used extensively in the following. 

In the connection of the compactified boson, the presence of the enhanced 
affine symmetry at special values of the compactification radius coincide with 
the presence of new massless open string states which can be used to deform 
the theoryjnn|. When ^l{k) = \/2, the closed affine algebra generators can be 
represented in term of the boson field via the Frenkel-Kac-Siegel construction 
of the affine algebra. In the closed string channel, the left moving currents are: 

H{C{p)) ^ dX{C{p)), ^± ^.e±»v^^(C(p)): (3.29) 

and the same construction holds for the antiholomorphic sector. The su(2)i 
currents modes, J,° and J°j close 2 copies of the affine algebra: 

[Jm^Jn] = ^ifabcJm+n + km5a,b5r,i+nfl (3.30) 
c 

The vertex operators for the massless closed string states are given in term 
of the currents above as: 

V^{p) = J"(C(p))aX(C(p))e'^^('^(''»+^(f(f» (3.31) 
t/^(p) = J"(C(p))aX(C(p))e^^^('^(''»+^(f(f» (3.32) 

where P — pl + Pr '^^ the total center of mass momentum of the closed string. 
The vertex operators for the new open string scalar states can be written in the 
closed string channel as: 

= J°(C(p))e*^^('^(P» 

l|CI=iJCI=i^' (3-33) 

where 0(p) is the glueing authomorphism on the boundary (see equation ll2.1fi|l V 
The occurrence of extra massless open string states in equation (13.3311 , indi- 
cates that, at this special point in compactification moduli space, also the chiral 
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algebra of the boundary theory is enhanced. The associated currents J°(C(p)) 
(defined as in equation H2.16II 1 are truly marginal operators (see appendix EJ 
and can actually be combined to deform the original theory with a boundary 
action of the form: 

Sb ^ I dx{p,q)Y,aar{ap))\\c\=^-2^^ (3.34) 

In this connection, deformations in equation II3.27|I are a particular case 
of (I3.34|l . in which the deformation involves only generators associated to the 
simple roots of su{2). 

Since chiral marginal deformation are truly marginal ^| the deformed model 
will change only for a redefinition of boundary conditions (thus boundary states 
and boundary operators). 

In particular, in |9()[ ITH] it had been showed that the boundary condition 
induced by the presence of an action boundary term like that in II3.34|I is repre- 
sented by a boundary state defined as [9(11 178] 

\\g)) ^ g\\Nms.d. with g = e^"'3"^o (3.35) 

where Jq are the horizontal SU{2) algebra generators. Thus, According to 
formula Ij3.35ll boundary states are actually a rotation of a "generator" bound- 
ary state, which is that associated to Neumann boundary conditions with null 
Wilson line. This construction cover the full moduH space of boundary states. 
Naively, one can expect to obtain a second branch in the moduH space of bound- 
ary states via the same construction on a "Dirchlet-like" unperturbed boundary 
state ||I?(0)))s.d.. However, Dirichlet boundary states are included in the set 
H3.35|l . They are obtained via a perturbation of the form II3.34|I , with the par- 
ticular choice r = e~"^-^o|87j: 

\\Dm)s.d. = e-'^'^\Nm)s.d. (3.36) 
Boundary states in eq. Ij3.35ll satisfy the rotated gluing condition: 

{j:^ + no^j{rj)\\B{g))) - (3.37) 

with7j(J") := e-'E'-f'.-'o jfe^EbSJ-^' 

Cardy's boundary states II3.22|I can be easily retrieved in the set l|3.35ll . As 
a matter of fact, when the unperturbed boundary state is a Neumann one with 
the Wilson Hne parametrized by i+, the general gluing condition 

E^{C) = e±*^*+£;±(C) (3.38) 

is invariant under the shift — > i+ -f tt\/2. The marginal perturbation imple- 
menting this shift, r = exp(i-^ Jg) acts non trivially on a Neumann boundary 
state ||iV(i+))), producing exactly a switch of the sign in front of the Ishibashi 
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state built on the J = 5 su(2)i module. Thus we can conclude that, in the 
description of eq. H3.35II . Cardy's boundary corresponds to ||-/V(0)))s.d. and 
||iV(7r/V2)))..,.: 

I|0» =2i(^|0)) + |i») ^ 11^(0)))..,. (3.39a) 
= 2i (^|0)) - ^ ||7V(vr/V2))),.,. (3.39b) 

This result holds for any gluing condition we decide to fix on the boundary 
of the cylinder. The independent gluing conditions are then parametrized by 
50(3), because the elements which yield trivial gluing automorphism are those 
associated to the center of SU{2). Cardy's boundary states are then those 
associated to the central elements of SU{2). 

Authors of O] introduced an alternative description in which they showed 
that the boundary states generated by the perturbation II3.34|I can be directly 
parametrized by means of the associated SU (2) elements g and described via 
the following formula: 

- E E Dl^-ni9)\j;^n,n)) (3.40) 

-j < n < j 

where |j; m, n)) is the Ishibashi state associated to the discrete h — p module 
of the su{2) algebra and -11(5) is the matrix elements of the j-representation 
of (7 G 5 J7( 2), parametrized as 5 — {J\yj,a*)- In this description, the generating 
boundary state ||-/V(0)))s.d. is associated to the SU{2) identity, g — t N{Q) — 
(hi)- 

We will not use this construction to define BIO, however we report it because 
it allows to write the annulus amplitude with different boundary conditions 
associate respectively to 'S'^j^ and S^^j^^ in a quite simple way. Let us consider 
the transition amplitude between two boundary states |q;) and \(3) which can 
be defined via the action of 5 £ SU{2) on |a), |/3) = g\o()- Prom the above 
definitions of boundary states, it can be shown that Aa^ga depends only on the 
conjugacy classes of g (for a detailed demonstration see [JH], or PI], section 
4). Therefore, we can choose to deform the boundary state with an element 
in a given torus of SU{2): t = h^^^gh — (^^^"^'^ ^-2,vi\^ following the detailed 
analysis in [qTI, we can finally write the amplitude as 

■^^P^ = 71 E COs{87TjX)d2g{q) (3.41) 

where q — e~~ 

A boundary perturbation will affect the boundary operators spectrum too. 
Generically, when the perturbing field is truly marginal, the study of the de- 
formation of a correlator containing both bulk and boundary fields allows to 
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define the image -ipj of a boundary field ipj under a rotation generated by the 
perturbing field i/; as[ZHl (see appendix El : 

=U9^^,]iu) :=f^^<f ^V.(«Mx„)-->(xi) 

(3.42) 

where Q are small circles surrounding the insertion points of the operators ip{xi) 
on the boundary. 

As they stands, representations II3.35|I and Ij3.4()ll of boundary conditions do 
not allow to successfully explain how the transition between pairwise adjacent 
boundary conditions take place. Thus, we have introduced a new representa- 
tion for the infinite set of boundary conditions which can be applied to the 
compactified boson at the self-dual radius. This representation merges the infi- 
nite choice of boundary conditions with the the necessity to have a BIO acting 
" a Id Cardy", ie mediating between the diffenten boundary conditions exploiting 
the fusion rules of the associated chiral algebra. 

We can exploit construction H3.35II to parametrize the generic boundary con- 
dition defined over the (inner or outer) boundary of the fc-th cylindrical end, 
represented by the boundary state \\g{k))), with a couple of elements: 

f J(fc) e A 

(llJ(fc))), r(fc)) with (3.43) 

being || J(fc))) a Cardy's boundary state (thus corresponding to an element in 
the center of SU{2)) and T an group element, such that: 

Um = r||J(fc))). (3.44) 

In this connection, the model can be defined not as a truly marginal defor- 
mation of a open string theory by means of the action of elements of the affine 
chiral SU{2) , but as a truly marginal deformation of the su{2)k=i by means of 
5*0(3) elements. 

Thus, BIO for the compactified boson with fl{p) — V2 are actually given by 
the consequent deformation induced by the two adjacent boundary conditions 
on su(2)j.^-^ WZW model boundary insertion operators which we introduced in 
formula ipOHll 

To understand how this deformation affects and define boundary insertion 
operators, let us consider the {p, q)-edge of the ribbon graph. Let the two 
adjacent boundary conditions be defined as: 

\\g,{p))) = T,ip)\\Mp))) (3.45a) 
Ilff2(g))) = r2(<z)||J2(g))) (3.45b) 

According to the parametrization of boundary condition introduced above, 
BIO must mediate both between Cardy's boundary states and between the 
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elements Ti{p) and T2{q). While the former action is achieved trough 
the fusion prefactor -^jlp) j(p q)^ the latter can be understood deforming BIO 
with the action of both the boundary potentials which we are adding on the 
(p, g)-edge. As a matter of fact, according to equation II3.45|I . the theory on 
the (p)-th polytope is deformed by the action of the boundary term Sb{p) — 
J dx(p. q)Ji{({p))\\^(p)\= ^ ^"i ) '■ ^^^^^ theory on the {q)-th polytope is de- 
formed by the boundary term >5'B(q) = / dx{q,p)32{CiQ))\\((q)\=^-^jL—- Recall- 
ing that x{q,p) = —x{p,q), (the functional part of) boundary insertion opera- 
tors, we propose i'j(p,q) to be deformed by a suitable combination of the S'0(3) 
operators which are associated to the above boundary terms. We ask this com- 
bination to cancel, on the boundary, the global effect of the boundary deforma- 
tion, to let the two ends glue dynamically in such a way that this dynamic is 
actually governed by the fusion rules of the WZW model. This correspond to a 
perform over ipj{p,q) a rotation induced by the ' element F — T2T^ , with 
Ti = e'"'' . In the same way, 4'j{q,p) will be deformed by the action of by the 
action of f"^ = TiT^^. 

To show how the above rotation alter the functional part of boundary inser- 
tion operators, let us consider the explicit expression of components of s"u(2)i 
BIO which we introduced in H3.23|l . Let us drop for a while the dependence 
from the fusion rule factor ^jl('p)j(pq)- Such components are labelled by two 
(semi-)integers j = 0, ^ and —j<m< j. For j — the unique component is 
the identity operator V'o,o2^(p, q) ~ I, while for j — ^ the two components are 

2 2 J/(p,ij)=0 _ 

Let us consider the action of the deformation on ipj(p^q) generated by F = e*'^ 
(since we are not moving to a definite representation, we can omit the quantum 
number m). According to II3.42|I . the rotated boundary operator will be: 

'4']{p,q){u{p,q)) = eS'^VjXp.g) {u{p,q)) (3.46) 

We can compute explicitly the expression of 'ipj{p,q) thanks to the self-locality 
of the boundary operators, and to the OPE between the truly marginal fields 
in the chiral algebra and a boundary operator: 

- ^M^) (3-47) 

where is the natural action of the chiral algebra on a state of the h — p 
su(2)i module (see formula II2.13|I . 

An order by order computation in Il3.46|l gives: 

^j{p,q){u{p,q)) = £2 ~'4}j{p^q) (3.48) 



i. e. the natural action of the chiral algebra on the vertex algebra fields trans- 
lates into the natural action of an element of S't/ (2) /Z2 on the components of 



76 



Boundary Insertion Operators 



the primary field associated to a given su(2)i's module. Moving to a specific 
representation, equation (13.4811 becomes: 

i'(j,7n)ip,q)iuip,q)) = i:'^„,(r)V'(j,„)(p^g) (3.49) 

where i?4„ are the Wigner functions associated to F = ( ) : 

rjj ^ """^^ [(i + m)! {j - m)! {j + n)l (j - n)!]^ 

"^"^ ^ , ^ - m - 0!(J + n - 0!n(m - n + 0! 

/ — max(0, n—m) 

X a^' + " - ' (a*)^' - ™ - ' b' {-b^y - " + ' . (3.50) 

Obviously, the spectrum of su(2)i boundary primary fields must be invariant 
under the action of Z2. A first intuition about this comes once we remember 
the gluing condition (13.3811 being invariant under the shift generating the ||l/2)) 
Cardy's state: the spectrum of boundary operators is generated the action of a 
copy of the chiral algebra: 

iwiC) 3C > , ^ 

W(C) - < . (3.51) 

[r!o7f(VK(C)) 3C < 

The gluing automorphism itself generates the boundary operators' spectrum, 
thus a boundary condensate which leaves invariant the gluing automorphism 
automatically leaves invariant the boundary operators' spectrum too. An ex- 
pHcit computation via formula (|3.49|l of Cardy's boundary operators rotated 
by the action of the boundary condensate correspondent to the ||iV(7r/\/2)))s.£i. 
boundary state confirms this statement: rotated boundary operators are ob- 
tained by multiplication by an inessential phase factor. 

Finally, restoring the fusion multipHcative coefficient, we have the following 
expression for boundary insertion operators for the compactified boson at the 
self dual radius: 

^KSS''^'''^'^ = t ^^^S.)(r2ri-)^fl£i;^^ (3.52) 

n=-j 

where i;-^ J^'\x{p,q)) = ^jfp) j^p^g)^j{p,q){x{p,q)) 

3.3 The algebra of rotated Boundary Insertion 
Operators 

According to last section remarks, boundary insertion operators for the com- 
pactified boson at enhanced symmetry values of the self-dual radius have the 
following expression: 

^KSS"^'''^'^ - t (3.53) 
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The aim of this, quite technical, section, is to show that with this choice, 
effects of boundary perturbations do not affect the algebra of boundary oper- 
ators, thus they do not change the dynamic of the model. This is a check of 
consistency of the above choice for boundary insertion operators, since actually 
all deformations we have considered are induced by truly marginal operators, 
thus they must not break the su{2) chiral algebra. 

Let us deal with the simplest case: the amplitude computed on the open 
surface associated with the sphere with three punctures. The amplitude over 
each cylindrical end will involve a sum over characters twisted by the action of 
conjugacy classes of ^^^^ ■ The full amplitude will involve a sum over the inter- 
mediate channels associated with the three edges of the ribbon graph, each being 
associated to an automorphism by the operator U = e*^^^*^'^"^^'^" , V(p, g) — 
(1,2), (1,3), (2,3). Such an automorphism acts at BIOs' level: the BIO associ- 
ated to the {p, q)-th edge will be the Cardy's one rotated by the action of the 
element TaFi-^ 

The algebra of rotated BIOs follows from their definition. Let us notice that 
rotated BIOs are just a superposition of the different components of Cardy's 
s1t(2)i primary operators (with respect to the afHne chiral algebra). 

Let us focus our attention on the two points function. When we consider two 
BIOs both mediating a boundary condition changing in the p-to-q direction, we 
deal with the following expression: 

n n' 

(3.54) 

First of all, we must notice that a coherent gluing impose the two operators to 
mediate between the same boundary conditions (see eq. (jB.8ll ). thus the above 
expression reduces to: 

E^SL)(r2rr^)^±t,)(r,rr^)(^[5it'^?^ (3.55) 

n n' 

Equation Ij3.55ll shows that the net effect of the rotation on the two points 
function vanish, because we are actually implementing the same SU(2) rotation 
on all boundary fields entering in the unperturbed correlator. Thus the local 
SU (2) invariance ensures: 
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(j^n)(q) 



(J„r:)(pt 




Figure 3.3: bla bla bla 



Dealing with the two points function between a p-to-q and q-to-p mediating 
operators, the situation is sHghtly different. We have to compute: 



[j',m']{q,p) 



/ J m n{j),q) v J- / nr n'ia.v) v J- ^ 



^uMiiiif ^i;-' ^)) ) (3.57) 



/1(P)./2(<J), 



As a matter of fact, in the previous expression we are deahng with a repre- 
sentation of diagonal subgroup of the direct product ^^^^{p,q) x ^^^jp-{q,p), 
thus it holds (see eq. ijD.ip : 



D 



(r2ri )"^m' n'fo.wl ^"^-'-"^2 



D: 



m n: m' n 



(3.58) 



The trivial Clebsh-Gordan expansion (eq. ljD.2ll ) gives (we omit the polytope 
indices writing the Clebsh-Gordan coefficients): 



nn' JN 



In the last equation we have used the unitarity of Clebsh-Gordan coefficients 



(see equation IID.3bp V 

To calculate the OPE of rotated BIOs, let us notice that the rotation gener- 
ated by the boundary condensate does not change them coordinate dependence. 
Let us consider the situation depicted in figure 13731 

OPE between ^^uZfrll)"'^"^'^''^ and "^"'^'^ will mediate a change 
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in boundary conditions from [J2, r2]((7) to [Ji, Ti]{p). In particular, 

,/,[Ji,ri](p)[J3,r3](r), X JJ3,r3](r)[j2,r2](9)/ x _ 

V^[ji,mi](r,p) '^^'■i^[/,m'](g,r) " 

ni(r,p) 12(9, r) 

We are dealing again with a representation of the diagonal subgroup of the 
direct product ^^^(r, p) x ^^^^{q,r), thus applying ljD.l|l and the Clebsh- 
Gordan series expansion ljD.2|l we are left with: 

Ey £)j friT^M 

/ ^ jlC^iP) 'Tii('',p)i2(9,'') 'n2(?,i') J- 2 / 

"i('',p) i=lii-i2| 

n2(q.r) |'n|<i 
l''l<i 

xC'." , , , , (3.60) 

Ji(r,p)ni(r,p)j2(g,i')n2(9,'-) ^[jl,ni](i-,p)^ ^ b2 , "2] 'i' ^ ' 

The OPE between Cardy's boundary operators reads: 



J -hip) Jsir) ( N iJsir) J2{q) I , , \ - \, , , , 

'^bl.'^l]('-,p)^'^'--''^[j2,"2](9,'-)K) - 2^\^r - UJ. 



H{q,p)^H{r,p)~H(q,r) 

qi 



03 ns 



'11 i2 '12 Si J2 J3 %3,«3](9,P)'-'^'?''- ^•^■^^> 

The Clebsh-Gordan coefBcients C'ji^ij2'i2 compensate the fact that the LHS 
and RHS terms have different transformation behavior under the action of the 
horizontal su{2) algebra, while the coefficients C^^j^^'^^^^^^'^^''-''^ reflect the non 
trivial dynamic on each trivalent vertex of the ribbon graph. 

The inclusion of this last OPE into Il3.fifl|l and the Clebsh-Gordan coefficients' 



unitarity (equation (|D.3b|l l leave us with: 

^[Ji, r.](p) [73, r3]('-)( ) ^[J3, r3]('.) [J2. r2](9) . ^ ^ 

El^jsm r'Jl{p}J3{r)J2{q) ilJl,Ti]{p)[J2,r2]iq)( ^ ("Q RO^ 

L^ji 'm j2 "12 S"i i2 i3 ^[ji,'ni](g,p) ^^p' [^.g^) 

h f 

We demonstrate that OPE between rotated BIOs is formally equal to OPE 
between unrotated BIOs. Thus, on the ribbon graph the non trivial dynamic is 
given by the fusion among the three representations entering in each trivalent 
vertex. 



3.4 The action of BIOs at the self-dual radius 

With the above remarks, we can investigate the properties of the four points 
functions of BIOs exploiting their crossing properties. 

First of all let us consider the natural picture in which the computation of 
a four points function arises. Let us consider two near trivalent vertexes. Due 
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p2(r) 



Figure 3.4: Four points function crossing symmetry 



to the variable connectivity of the triangulation, the two configuration shown 
in figure lOI are both admissible. The transition from the situation depicted in 
the Ihs and the one in the rhs of the pictorial identity of figure |Ol corresponds 
exactly to the transition between the s-channel and the i-channel of the four 
point blocks of a single copy of the bulk theory, thus the two factorization of 



the four points function {i/j 



Jiip) ^4(5) ,,J4(s) J3{r) ,,J3(r) J2{q) jMl) ■^i(P) 



54 (P:?) 



), pictori- 



ally represented in 13.41 are related by the bulk crossing matrices: 
p J4b,s) jiiq,p) 

The explicit computation of the two factorization leads to the relation: 



(3.63) 



■U{s)J^(r).H{q) 



,c 



Jlip) Ms) J2{q) 



c 



Ji(p)Mq) Jlip) 



h {r,s) j3 (q,r) jr, (g,s) j"i (s,p) js ji {sp) ji {s,p) ji (s,p) 

J4(P, s) ji(q,p) 



J5 (rp) 



J3(s,r) j2{r,q) 



^Jl{p)Ms)Mr) r,J3(r) Mq) Jlip) n-Jlip) Jsir) Jiip) 
il(s,p) j2(r,s) je(r,p) 3z(q,r) i4,(p,q) 3fi(p,r) j(i(r,p) je(p,r)Q ' 



(3.64) 



i.e. the usual BCFT sewing relation among boundary operators' OPEs. 

This complete our analysis of the conformal properties of the full theory 
arising by glueing together the BCFTs defined over each cylindrical ends: with 
the above construction, BIOs play exactly the role usual boundary operators 
play in BCFT. 

This analogy allows us to apply to BIOs all boundary operators properties. 
In particular, we can identify their OPE coefficients with the fusion matrices 
Ij3.63ll with the following entries assignation: 



■iJi{p) J2(q) Jais) 

'' h(sp) 32{r,s) j3{q,r) 



F 



J2{q) is (?,'•) 



Mp) Ms) 
ji{s,p) j2(r,s) 



(3.65) 



Relation (j3.65|l . obtained first in |22| for the A-series minimal models ex- 
ploiting the fact that both the primary and boundary conditions labels fall in 
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the same set, has been extended to all minimal models and extended rational 
conformal field theories in jHHl and (HHl noticing the full analogy between the 
equation Il3.fi4|l and the pentagon identity for the fusing matrices. 

According to [HI], WZW-models fusion matrices coincide with the 6j-symbols 
of the corresponding quantum group with deformation parameter given by the 
{k + h^yth root of the identity, where k and are respectively the level and 
the dual Coxeter number of the extended algebra. Thus, with k = 1 and ~ 2, 
the OPEs coefficients are the SU{2)^_ 2^- 6j-symbols: 

^Mp) J2{q) Jsis) ^ fjl(s,P) Mp) Mi) \ /ogg^ 

3.5 Open string amplitude on a RRT 

With the computation of OPE's coefficients we have all the building blocks to 
construct an open string amplitude on the domain defined by the open Riemann 
surface Mg. 

As first step, let us extend results of the previous section to higher di- 
mensional target spaces. To this end, let us consider D scalar fields X°',a — 
1, . . . , D which, as stated in 112.111 . wind i^" times around the homology cycles 
of the compact target space manifold. Let us indicate with Ea/3 = Ga/s + B^p 
the background matrix on the compact target space manifold, where G is the 
metric and B the Kalb-Ramond field. The central charge of the model is c = D. 

Let us find out which is the moduH space of inequivalent compactifications. 
This can be achieved by considering the torus partition function of the model: 
it factorizes into the product of contributions of each compact direction: 

q~q~ (3.67) 



i D.D 

Asking for modular invariance let the total momentum p = {pa) take values 
into a self-dual, even-integer, Lorentzian lattice rD^uj^^. The space of such 
inequivalent lattices is locally isomorphic to: 

M ^ 0{d,d,I.)\0{d,d)/[0{d) x 0(d)], (3.68) 

which thus is the moduli space of inequivalent toroidal compactifications in a 
D dimensional targer space^Sl ESj- The different orbits in this moduH space 
give rise to different theories in which the fundamental U{1)l x C/(1)_r current 
symmetry can be enhanced to different symmetry groups of rank at least D. 
This group plays the role of gauge group in the target space. Our choice is to 
compactify each direction at the self dual radius, because this allow to exploit 
the previous construction and define a coherent gluing of the conformal theory 
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along the ribbon graph. This means to choice a specific orbit into Ij3.68|l . i.e. to 
fix definitively the target space modular structure. Moreover, the background 
gauge group coming from the closed string sector defined on the cylindrical 
ends is [SU{2)l x S'[/(2)fl]^. On the contrary, we could choose not to fix the 
compactification radius as the self-dual one. This would give us more freedom 
in choosing the target space modular and metrical structure, and consequently 
the enhanced symmetry group. However, in doing so we can loose information 
about the dynamic of the theory on the ribbon graph, because, with the excep- 
tion of some particular cases which we will introduce in the following chapter, 
combinatorial factor of BIOs would be defined only as a formal map. 

Thus, let us consider each direction compactified at the self dual radius. The 
amplitude on each A*(.p^ will receive a contribution from every direction: 



^a:„, - „r .\..^,d II E cosi8nj{p)r{p))e-^^^^'>' (3.69) 



2- 



Moreover, Boundary Insertion Operators are primaries of the conformal the- 
ory, thus they also factorize into the contribution of each direction. This means 
that the full boundary theory factorizes into the contribution of each compact 
direction. In this connection, we can exploit a construction introduced in |67) . 
which, exploiting a edge vertex factorization of the most general correlator we 
can write on the ribbon graph, allows to write the contribution to the amplitude 
from each compact direction as: 
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Collecting the contribution of each direction and applying this results on the 
NiVi) channels defined by H3.69|l we finally have: 
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(3.71) 

(a) 

where the subscript (a) indicates the contribution of the a-th direction. 
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Inclusion of Open String 
gauge degrees of freedom: a 
proposal 

A necessary step to rephrase our model in a gauge/gravity correspondence con- 
nection would be to include open string gauge degrees of freedom (propagating) 
along the boundaries of Mg. As a matter of fact the model we built in previous 
chapters presents an SU{2) gauge symmetry at spacetime level. However, this 
symmetry is due to the particular geometry of the system, and it does not allow 
to define an appropriate gauge coloring neither of the ribbon graph underlying 
the triangulation, nor of the boundary components. Thus, it seems more ap- 
propriate to follow usual techniques in open string theory, where a non Abelian 
gauge theory can be naturally included into an open string model by a suitable 
assignation of non- Abelian Chan Paton factors at the open string endpoints jHI] ■ 
This will define some modifications in our model. First of all, vertex algebra 
operators (and consequently BIOs) will be valued in the associated Lie algebra, 
thus ribbon graph amplitudes will be weighted by an appropriate group factor. 
The natural consequence will be the coupling of the conformal field theory on 
each cyHndrical end with a background gauge field. In this connection, we will 
show that we can rephrase the arising of a target space non- Abelian gauge sym- 
metry which arise with this process with a change in the background matrix, i.e. 
the process is equivalent to move to another point of moduli space of toroidal 
compactifications given in H3.68II . According to 100] , when the chosen back- 
ground is a fixed point under the extended D-dimensional T-duality group, the 
annulus BCFT is equivalent to a gk=i WZW model, where 2k=i is a level-one 
untwisted afEne Lie algebra associated to a semisimple product of simply laced 
Lie algebras of total rank D. 
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In the last section, we will try to understand how to extend the gluing 
technique described in the previous chapters to the current situation. 

Conventions about U{N) algebra 

Let us represent U{N) ~ SU{N) x U{1). Thus we can choose a base of U(N) 
generators as: 

• The collection of SU{N) generators: 

a = 1, TV^ - 1 (4.1) 

satisfying the traceless condition Tr(r") = 0. 

• T" = CI, where C is arbitrary constant. 

Let us impose the following normalization condition: 

Tr(T''T'') = (4.2) 

Equation H4.2|l fixes C ^ 

The completeness relation for generators reads: 

{T")] {T^)f = I SI S'; a^l,...,N^-l 

^ '3"^ " 2 ' ^ i, j, k,l = 1, N ^ ' 

The U{N) algebra is defined by: 

^r^a ^j.b^ ^ ■jabcj.c ^ /'^''^ = ^Tr([T'', T^] T") (4.4a) 

{T", T''} = d'''"=T'= =^ d"''^ = 2Tr({T", T''} T") (4.4b) 

where /"^'^ (resp. d"''^) are the antisymmetric (resp. symmetric) structure 
constants. 

With the above conventions, a rapid computation shows: 

j-abc jdbc ^ ^ ^^ad _ ^aO ^dO) (4 5^^^ 

be 

Y^abc^dbe ^ ^^gad ^ ^dt)^ (4 5^) 

be 

4.1 Chan-Paton factors on a RRT 

Chan-Paton factors are non-dynamical degrees of freedom which can be added 
to open string endpoints. To show in a few words how it works, let us consider an 
open string worldsheet (let us remember that the cylindrical ends is an one 

loop open string worldsheet) with Neumann boundary conditions on each end, 
and let us suppose there is a quark q at one end of the string, ans an antiquark 
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q at the other end, where q\q' = 1, . . . , N are A^-vakied labels associated to the 
some representations of a gauge group G. Equations of motions for qi simply 
require they to be independent from the coordinate parametrizing the boundary, 
thus they can be interpreted as charged, conserved under translations along 
the boundary. The target space action automatically has SO{N) symmetry 
when the charges are real and S0(2N) when they are complex. As a result, 
quantization produces an associated Hilbert space of states on which a spinor 
representation of respectively SO{N) or SO(2N) acts. To restrict to a subgroup 
of these two groups, (i.e. to a subrepresentation on which they act) it is necessary 
to reduce the Hilbert space. This can be achieved introducing a Lagrangian 
multiplier in the action. Unitarity of amplitudes actually restricts the admissible 
Lie algebras associated to such terms to belong to the classical series, thus 
admissible associated groups are U{N) , SO{N) or Sp{N). 

Let us restrict to G = U{N), with in the defining representation N. 
Quantization of generates N conserved charges attached to the propagating 
endpoints. The string for U{N) should be oriented, since the charges at both 
ends of the string transform under inequivalent representations of the gauge 
group. The full string states now transform under the N iS> N representation, 
namely the adjoint of U{N). Thus, the generators T", a = 1, . . . , diinU{N) = 
N"^ labels the string states belonging to the N x N representation. The matrix 
elements (T°)* specify which charges If and qj are created at strings endpoints. 
The Fock space built over each ground state |0, k; ij) is now given by Ti'^^N^N . 

For G = U{N), N iSi N transforms in the adjoint representation, thus mass- 
less open string states are natural candidates for Yang-Mihs vector bosons with 
gauge group U{N). The same construction might have been done for q^ in an- 
other representations of U(N), but, in these cases, string states would have not 
rotated in the adjoint representation of the group, letting the above interpre- 
tation fail. Thus, the defining representation is singled out by its relevance in 
view of Yang-Mihs particle interpretation of string states. 

The string for SO{N) or Sp{N) should be unoriented, since charges at both 
ends transform under the same representation of the group. If we consider / to 
be the defining representation of SO{N), we obtain string states in the adjoint 
of SO{N) considering the only the antisymmetric part of the tensor product 
of the two representation, namely (/ (g) On the other hand we obtain the 
string states in the adjoint of Sp{N) by the symmetrized product of its defining 
representation with itself. In each case we recover exactly the the string states 
suitable for the Yang-Mills particles interpretation. 

The effect of a general background gauge field is accounted for by including, 
for each boundary of the Polyakov path integral, a Wilson line term Tr P exp(— 5^) , 
where Sa represents a boundary condensate of photon vertexes: 




(4.6) 



86 



Inclusion of Open String gauge degrees of freedom 




Figure 4.1: The ribbon graph associated to the open surface dual to three- 
punctured sphere 

Preservation of conformal invariance impose the associate /3-functions to 
vanish. Equation Pa = Q reduce, to the leading order in the cr-model expansion, 
to the Yang-Mills equation. 

In our connection, let us suppose that each cylindrical end's open string is 
decored with a suitable assignation of Chan Paton factors. Thus, we can repeat 
the previous construction for the theory defined over each cylindrical end. Let 
us assign to each open string running one loop a suitable decoration. In this 
way, each vertex operator of the open string spectrum will get as a prefactor a 
U(N) generator. 

Now let us think to glue together the various cylindrical ends along the 
pattern defined by the ribbon graph. Some considerations naturally arise. Let 
us look again at figure Kill on page E21 since the two open string worldsheet 
boundaries which get glued along one edge of the ribbon graph pattern have 
opposite orientation, it seems natural to let the associated quarks to fall into 
opposite representations of the gauge group. The same holds for each edge of 
the ribbon graph, which thus acquire a well defined gauge coloring. Thus, we 
can think to the ribbon graph underling the triangulation as a sort of image of 
the gauge coloring of the boundaries of the surface dM. 

About the spectrum, we can think to define the gluing process once again 
introducing a unique spectra of the common boundary theory: the (p, q) open 
string will be describe by a unique object being got by a sort of "fusion process" of 
the Chan-Paton factors of the original strings and which retains the open string 
data associated to the the free ends of the open unglued strings. However, 
since the fact that string states rotate into the adjoint representation of the 
gauge group is fundamental to their Hmiting description as particles, we want 
an object obtained by the product of the two original Chan-Paton factors and 
belonging to the original algebra. The only products obeying this constraint 
are the symmetric and antisymmetric products of generators, thus each BIO 
belonging to the {p, q) BCFT spectrum will be decored by a U{N) generator T^" 
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defines as: 

Ttiip, q) = r"' [T^M , mq)] + d^"' {T^^{p) , T^^iq)} (4.7) 

Denoting the conformal structure of BIOs in formula Ij^l52|l with a collective 
index S(p, g), non-Abelian BIOs will be V'S(p ^) = T""ip^i^p gy As a consequence, 
two and three-point functions of BIOs get a prefactor given by a trace of gen- 
erators. 

Let us notice that the above construction allows to reissue the description of 
the open string gauge data transmitting all the informations on the associated 
ribbon graph. Naively speaking, to each gauge coloring of dM boundaries we can 
uniquely associate a gauge coloring of the underlying ribbon graph "displaying" 
the U{N) charges left after the gluing procedure from the outer to the inner 
boundary of each cylindrical end (see fig. I4.1|l . 

In this connection, it is easy to understand that only the two points function 
between opposite directed BIOs (in the sense defined in appendix El makes 
sense. In this case, the two point function will be simply weighted by the U (N) 
generators normaHzation constant. The modified BIOs' algebra can be easily 
retrieved by (anti) symmetrizing the product of generators: 

(i , \ (, , ^ r-^ ^ \^ Li , , \H{q,p) - H{r,p) - H(q,r) 

S3, c 

^^ja,c ^ ^abc^ e:(Si(r,p), S2(p, 9), S3(g, r))^^, ^p){^ q) . (4.8) 

Thus, three-point functions will be decored by the sum of the antisymmetric 
plus symmetric structure constants. 



4.2 Rephrasing the geometrical data of the tri- 
angulation in term of string quantities 

The overall picture we are dealing with sees a stack of N coincident D-p-branes 
winding around some (or all) of cycles of the toroidal background. In this con- 
nection, we are considering cylindrical ends as one-loop open string worldsheets. 
As prototype picture, we can consider the first drawing in fig. 14.21 Red circles 
are the worldvolumes of N coincident D-O-branes, while the green strip is the 
pictorial representation of a cylindrical ends injected by the maps X and Y on 
the two dimensional torus. In particular, looking at the cylindrical end as a one 
loop open string worldsheet, the associated open string winds one time around 
the X direction, while it does not wind around Y . Thus, the injection maps are 
characterized by the following values of winding numbers and center of mass 
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momentum: 

Mfo) = ufo) = 1 (4.9a) 
Mfo) = 1 ^io) = (4.9b) 

Performing a worldsheet-duality transformation, thus looking at the closed 
string which is emitted by the brane and it is reabsorbed after having run 
around the X direction once, actually we exchange the role of total momentum 
and winding, thus the Hilbert space states are characterized by the following 
values of quantum numbers: 

^ifc^ = 1 ufc) - (4.10a) 
M(c) = yfc) = 1 (4- 10b) 

In this connection, computation of the target space spectrum shows that, 
when we consider an open string whose endpoint lay on a D-p-brane, the back- 
ground fields depends only upon coordinates on the brane world- volume {i.e. 
on coordinate ^ = 0, . . . p parametrizing the brane embedding in the tar- 
get space). Moreover, massless states vertex operators spacetime components 
actually divide in two set: those of the first set are components of a Yang-Mills 
field living on the D-p-brane world-volume, with p -\- 1 components tangent to 
the hyperplane, A*(C^), /i, i = 0, . . . , p, while the others 0"(C^) = (jy^'T^ are 
N X N matrices, whose entries are scalars field from the brane world volume 
point of view. They describe the specific shape of the brane in the target space. 

In ordinary (bosonic) string theory, D-branes are dynamic objects, and such 
that, they must be able to respond to the values of the various background 
fields in the theory. This is obvious if one consider that actually brane's loca- 
tion and shape is controlled by the various open strings ending on them, and 
which indeed interact with background fields. A world- volume action describing 
this dynamic has been derived exploiting T-duality in target space (for a com- 
prehensive review, see [95 , chapter 5). If we consider a D-p-brane in ordinary 
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-D-dimensional open bosonic string theory, it turns out to be, in the Abelian 

case, 



Sp — T, 



p J dP+^ee"*det^ [G,j + + 2TTa'F,j] (4.11) 

In equation 14.111 dj and Bij are the pull-back of background fields to the 
brane, a' is the Regge slope and Tp is the D-brane tension defined as: 

The non-Abelian case is quite more subtle, because the various background 
fields typically depends on the transverse coordinates, which, as stated before, 
are actually matrix valued in the gauge algebra. Thus, introduction of non- 
Abelian quantities, implies to perform a trace on the integrand, in order to 
get a gauge invariant object as action. It has been shown that considering 
the symmetrized trace over the gauge indexes, we get a result consistent with 
various studies of both scattering amplitudes and non-Abelian soliton solutions 
(see inn, section 5.5, and references therein). Thus, according to these remark, 
it has been shown that the worldvolume action associated to TV coincident D-p- 
branes is: 



Sp = -Tp y"dP+i^STt{det^ [E,jE„n{Q-^ - Sr^E,,, 

+ 2TTa' F,j]det^QZ,]] (4.13) 

where E is the background matrix introduced in H2.28II . and Q'^ — -I- 

z2W [r,r]Epm- 

If we expand this Lagrangian to the second order in the gauge field, and 
noting that 

detm = 1 - [r, cT] r , + (4.14) 

we can write the leading order of action H4.13II as 



(4.15) 

This is exactly the dimensional reduction of a D-dimensional Yang-Mills La- 
grangian, displaying the non trivial scalar potential involving commutator for 
the adjoint scalars. This expansion allows to write the {p + l)-dimensional 
Yang-Mills coupling for the theory on the brane: 

5fm,p = 9sTp\2na')-^ (4.16) 

where Qs = e* is the usual worldsheet string coupling. 

Let us turn to the Polyakov string defined on each cylindrical end via the 
action in II2.29|I . We can easily rewrite it in a stringy shape by introducing 
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Figure 4.3: Some simple configurations with three cylindrical ends winding in a 
two dimensional flat toroidal background 

dimensionful coordinates via the mapping ({k)) — > X'^{C{k)X{k)). 

Polyakov action becomes: 

S{k) = I dC{k)dak)dX^dXo. (4.17) 

thus suggesting the parameter l'^{k) to play a role analogue to that of the Regge 
slope in the discrete (fc)-sector. However, from a classical point of view, since 
the above analogy has been derived from a flxed triangulation of the worldsheet, 
we are not able to associate it a real physical meaning. Moreover, if we consider 
the collection of all the discrete sectors, the above identification seems to lead 
to a strange non-sense. As a matter of fact, if we consider the full surface Mg, 
we deal with cylindrical ends having their inner boundaries glued together along 
the pattern defined by the ribbon graph, while outer ones lay on (at least) one 
stack of N tiled D-branes. 

In particular, let us assume exactly the situation depicted in fig. 14.31 We 
are considering again the open surface dual to the three-punctured sphere and 
which has been sketched in fig. 14.11 In the left drawing each string has zero 
winding number in both direction, while, in the right one, each sting winds 
once around X and does not wind around Y. Moreover, let us assume that the 
outer boundaries of each cylindrical end lays on the same stack of D-branes. 
According to the above remarks about the role played by the parameter l{k), 
it may seems strange that each copy of the model, each being defined over 
one cylindrical end, has associated an independent value of the "a'-analogue" 
parameter. It may seem meaningless especially if we consider the cylindrical 
ends boundaries laying on the same D-brane, whose tension is defined in term 
of a' via the relation Ij4.12ll . 

An elegant solution of this puzzle can be achieved if we consider the problem 
from a "quantistic" point of view: the construction of the partition function 
for the bosonic string involve a sum over all possible configurations i.e. over 
all possible ribbon graphs. In this framework clearly we are considering an 
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average over all possible parimeters associated to the triangulation, and thus 
the Regge slope analogue is not a fixed value associated to each cylindrical end 
but it arises as a statistical average over all possible configurations. A furhter 
development arise if we performthe continuous limit of such a discrete model. 
For discrete planar surfaces this is usually performed as limit in which the 
lengths of boundary components go to infinity, while a suitable cutoff a goes to 
zero, in order to maintain the product L{k)a finite. Thus, if we identify on each 
cylindrical end the (statistical average) of the characteristic length l{k) with: 

l{k) = y/L{k)a (4.18) 

and we perform the continuum limit requiring that all the (statistical averages) 
of finite values of the above products converge to a given value, we can actually 
interpret such a result as an analogue of the Regge slope which, according to 
relation H4.12|l . determine the tension of the brane naturally included in our 
model. 

Moreover, this defines a precise map between the geometrical data associated 
to the triangulation and string quantities. 

4.3 Coupling with background gauge potential: 
extending the gluing procedure 

Let us consider a Z?-dimensional background, in which each direction X" , 
a = . . . , D — 1 is compactified at the T-duality self dual radius = \/2. 
As explained in the last chapter, the theory in each direction decouples and the 
model present a {SU{2)l x SU{2)ji)^ gauge symmetry. In each direction we 
can apply previous chapter's constructions. Thus, let us consider the fc-th cylin- 
drical end, and let us interpret it as worldsheet associated to one-loop 
open string diagram. Consistently with the gluing process, let us assume the 
injection maps (target space coordinates) to obey to simple Neumann boundary 
conditions on the inner boundary. On the other hand, on the outer boundary, 
let us assume to have p+1 directions satisfying Neumann boundary conditions 
and D —p — 1 directions obeying Dirichlet's ones: 

{X"} = {X\ X"} , withi = 0, ...,p, m ^ p+1, D-l (4.19) 

According to formulae (j3.36|l and H3.43II . these can be characterized by: 

Neumann directions : {\\N{0)^k)))sd, I) (4.20) 
Dirichlet directions : (\\N{0)(^k)))sd, e-"^"'-''^^ (4.21) 

In particular, with the above choice, we are dealing with a D-p-brane laying 
along the X°, . . . , Xp directions, thus, if we introduce the D-brane world-volume 
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parameters i^o, • ■ • , ^p, we have chosen to parametrize the brane world- volume 
with ^ Xo, ^1 = Xi, . . . = Xp. 

As described in the previous section, in order to endow the brane with an 
interesting dynamic, we have to couple the model to a background gauge field 
living on its worldvolume: this can be worked out introducing non chiral truly 
marginal deformation defined by the following boundary action f [98ll99| l: 



where we have taken the boundary to lay at constant a. The Ai — A^T"" are 
Lie algebra valued gauge fields on the D-brane, while the entries of the N x N 
matrices (j)m — (f'^T"' are scalar from the world volume point of view: they 
describe the motion of the brane in the transverse space. Such a boundary term 
will act as a non chiral deformation of the original quantum model by means of 
a truly marginal operator. 

For the sake of simpHcity, let us assume the brane static in the transverse 
space imposing (j>m — OpfxN Vm — p + 1 . . . D — 1. Moreover, let us consider 
constant electric and magnetic fields along the brane worldvolume, so that the 
boundary term reads: 



Let us move to the Abelian subsector. Such a Hmiting situation can be 
achieved including in each Neumann direction of the T-dual theory a Wilson 
fine A, = diag{eu...,er,} ^j^.^j^ ^^^^j^^ ^^j^^ U{1)^. At spacetime level, the 

global effect will be a displacement of the position of the N D-branes. Thus, 
now we are dealing with N separated D-branes, and we can assume that open 
strings generating the cylindrical ends have their outer endpoint attached over 
different brane. 

Thus, in each (fc)-subsector, we can couple the open string with a different 
electromagnetic potential Ai{k), allowing the boundary term to have a simple 
closed string interpretation. As a matter of fact, the Lagrangian in II4.23|I is 
the integral of a total derivative, thus, after a short computation, Sa can be 
rewritten as: 



Comparing last formula with formula (12.2711 . we can state that, in the AbeHan 
subsector, the inclusion of such a boundary term is equivalent to moving to a 
different point in fiat toroidal background moduli space (see formula (i;-i.68|l l: 




(4.22) 




(4.23) 




(4.24) 



Config. A 



Config. B 
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On this wise, we can directly choose a pecuUar flat toroidal background, 
with associated suitable values of the background matrix E entries (see formula 
H2.28II V and rephrase the B-field dependence in term of a gauge field strength 
associated to a potential living on the D-brane world-volume. 

As explained in the previous chapter, the full moduli space of flat toroidal 
backgrounds is parametrized by the coset space: 

0{D, D, Z) I 0{D, D, M) \ 0{D) x 0{D). (4.25) 

In the previous formula 0{D,D,Z) is the generalized T-duality group. 

Thus, higher dimensional toroidal compactifications are described by non- 
trivial background fields B and G and, in such a given background, the maxi- 
mally enhanced symmetry points are those fixed under the action of 0(-D, D, Z), 
which elements are generated by a combination of: 

• a conjugations with a matrix M g SL{d,1i); 

• an integer shift of B by means of antisymmetric, integer valued, matrix 8; 
i.e. the rotated background matrix will be 

E' = {E + 9) M (4.26) 

In those special points of the moduli space in which E' = E, we can obtain 
extended target space symmetries with respect to semi-simple products of simply 
laced Lie algebras (thus belonging to the A-D-E decomposition) of total rank 
D. 

In particular, the maximally enhanced symmetry background can be chosen 
in the following wayjHBI- If Cap, a, (3 = 1, . . . ,D, is the Cartan matrix of the 
simply laced Lie algebra of total rank D, then the background fields are chosen 
as: 

G„/3 = ^C„/3 (4.27a) 
Ba(3 = \/a > P B^p ^ Va < /3 = OVa (4.27b) 

With these choices, the background matrix E = G+B is an element of SL{d, Z), 
thus it is fixed under the action oi 0{D,D,'L). 

Let us consider, as an example, an 0{D,D,X) transformation generated by 
M = E~^ and 6 = E'f+E. The duality map states g?26jl tells: E' = E'^ and, 
if G = Idxd and B — Odxd, this is exactly the case of (SU{2)l x SU{2)fi)^. 

With the above choice of static gauge, this is exactly the situation for the 
D — p — 1 Dirichlet directions. Thus, the extended symmetry group associated 
to the action Il4.24|l will be: 

= (Gp+i X Gp+i) X {SU{2)l X SU{2)r)''-p-^ (4.28) 
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4.3.1 Chiral currents and boundary states 

As we did for one compactified boson at the self dual radius, the level-one un- 
twisted Kac-Moody algebra arising in this connection can be represented in term 
of the bosonic coordinate by means of the usual vertex operators construction jHOj. 
In the cylinder transverse channel {i.e. in terms of coordinate C(^) and ({k) 
on the fc-th cylindrical end), the left moving and right-moving currents are, 
respectively (let us omit the polytopal index k) 

i/"(C) = dX", E^iC) = c(A) -.e'^-^^: (4.29a) 
i?"(() = Mpxf^, E^iC) = -c(A) -.e'^-^'^S^' : . (4.29b) 

Here i?"(C) and H"{() denotes the elements in the Cartan subalgebra of 
£I-Dfc=i) while {A} is the set of roots (positive plus negative) of the associated 
semi-simple product of Lie algebras. The objects c(A) and c(A) are Z2 values 
cocycles. They are operators acting on the Fock spaces, and they depend only 
upon the momentum part of the free-boson zero modes. Their inclusion let the 
combinations of the above currents, ./£(C); to satisfy the correct OPE: 

J^'iOJ'iC) - + E ' r'^f^ (4-30) 

If we introduce the Laurent expansion, J"(C) = X^nez C ""^'^re; we get the 
commutation relation for the affine algebra QDk=i- 

c 

Obviously, the same holds for the antiholomorphic sector. 

Limiting to the trivial automorphism in equation II2.15|I , we get the following 
constraints on the boundary states: 

[j^+T„)\\B)) (4.32) 

Vertex operators for the closed string massless vector states are the D- 
dimensional extensions of formula H3.31II : 

Vli" = J"(C)9X"(C)e*-^-^(^)+^(f) (4.33) 
V^" = J"(C)9X"(C)e*-f'-^K)+-^(f) (4.34) 

where P = pl + Pb. '^s the total center of mass momentum of the closed string. 
Once again, vertex operators for new open string scalar states attached to the 
boundaries |C| = 1, |CI = 27r-£(fc) written, in the closed string channel, 

as: 

Sf> ^ J°(x)e*^^(^\ (4.35) 
where, as usual, we have parametrized the boundary with x = ^z{k,o)[([k)]. 
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4.3.2 Gluing along the Ribbon Graph: a proposal 

The occurrence of extra massless boundary operators II4.35|I at the enhanced 
symmetry point can be obviously rephrased as the arising of new truly-marginal 
perturbing boundary operators, which give rise to the enhanced symmetry also 
in the open string spectrum. Such operators came associates with perturbing 
terms in the action of the form: 

S'g ^ Jdx ^X^ffAe'^"^" + (4.36) 

where {gx,ga) are real coupling constant, which give rise to the enhanced sym- 
metry in the open sector when Xi takes special values. In jlOO) it was shown 
that these particular values arise when we can define a set of vectors: 

Xc. ^ {S"^ + M^) (4.37) 

(where M = §35), such that the A are roots of the simply-laced algebra go- 
According to deformation rules of previous chapter, this lead to a modified 
gluing condition on the boundary: 

•^"(0 = la^JsiJ^m (4.38) 

while the effect on the boundary state is a rotation with respect to the left- 
moving zero modes of the currents: 

\\B))g = e^^^-'^m (4.39) 

This construction, perfectly equivalent to the one arising when we deal with 
only one injection map, allows us to make a concrete hypothesis about the 
possible parametrization of boundary states in this higher dimensional model. If 
we are able to identify a generating boundary state ||-Bo)) equivalent to || A^(0)))sd, 
we can hypothesize to identify Cardy's boundary states associated to the level 
one go WZW-model with the deformations of ||i?o)) with central elements of the 
group G. Once proved this statement, we could apply the same construction of 
previous chapters to write an open string amplitude over dM, with the particular 
choice of background fields in each cylindrical end given by H4.27II . 

If we consider the simpler case of G being a simple Lie group, strong in- 
dications of the above come if we notice that the number of elements of the 
(discrete) center of G, B{G), coincide with the number of level one modules 
associated to the (simply-laced) simple Lie algebra qd- Moreover the center of 
the group is isomorphic to the group of outer automorphisms associated to the 
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afEne simply laced Lie algebra Qd^'- 

OCqd) = B{G). (4.41) 

Remembering that 0{qd) maps the set of dominant weights which label the 
irreducible representations of the affine algebra, this suggests the possibility to 
generate the full set of Cardy boundary states associated to the (level one) qd 
WZW model via the action of elements ofB{G) on the boundary state associated 
to the identity element of G. 

4.4 Conclusions and perspectives 

In spirit of understanding the (mathematical and physical) origins of open/closed 
string dualities, in previous sections we have investigated some aspects of cou- 
pling of a bosonic string theory with the peculiar geometry arising when we 
uniformize the singular Euclidean structure naturally associated with the Regge 
polytope barycentrically dual to a Random Regge Triangulation. 

The worldsheet process guiding the holes glueing has been made precise only 
at a topological level, while in the more complicated AdS/CFT framework we 
are still far from understanding the origin of such a behavior pattern. 

In this sense, a remarkable hint has been recently given by Gopakumar, who 
intuited that such a process must take place as a change of variable at level of 
integrand in the sum over moduli space parametrizing the free field A/" = 4 SYM 
correlators!^ ^^'^ suggested a concrete way of associating a closed Riemann 
surface to a gauge theory correlator. However, the argument introduced by 
Gopakumar is quite general, since up to now it has been applied only to the free 
field theory sector, thus leaving open the question about a possible application 
to interacting theories. 

In this connection, it is straightforward to notice that the key object is rep- 
resented by the underlying geometrical structure, namely the skeleton graph 
naturally associated to gauge correlator and which can be considered as dual to 
a triangulation of the Riemann surface defining the closed string worldsheet. In 
this connection, in view of the two dual uniformizations of the Euclidean struc- 
ture naturally associated to a RRT and introduced in [(ill IfiOj which provide 
a concrete algorithm to switch from an open to a closed Riemann surface, it 
seems that a better understanding of the interplay between geometrical quan- 
tities associated to a discrete realization of the worldsheet and the analytic 

^As a matter of fact, the relation between 0{sd) and B{G) is even stronger because if we 
consider an element A g O{go), we can define the associated element b e B{G) as the 5"=^' 
dual to A: 
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quantities of string theory, may provide a key step towards the understanding 
of mathematical aspects of string duaUties. 

The main goal of previous section has been the description of a very reli- 
able way of coupling an ordinary bosonic open string theory with the discrete 
geometry defined by the uniformization of Mq. In particular, exploiting BCFT 
techniques, we have been able to furnish a concrete proposal about how to in- 
clude open string gauge degrees of freedom in our model. Not less important, we 
have been able to define a natural interplay between the geometrical quantities 
parametrizing the uniformization defined over Mq and the Regge slope a' . 

Wide investigation areas are still open. The inclusion of open string gauge 
degrees of freedom itself is not completely fixed. In the abehan case the state- 
ment sketched at the end of section 14.3.21 needs some further investigations. 
Moreover, nevertheless the nice picture presented in section IT^ the extension 
of the above proposal to the non-Abelian case is quite far from being understood. 

Furthermore, a very interesting point to address would be investigating the 
possible extending of the above glueing procedure to minimal string theories flf) 11 
1102) . which, despite of their simplicity, they are interesting laboratories for the 
study of string theories. 
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Chapter 5 

Geodesic on maximally non 
compact cosets U/H and 
differential equations 



We have recalled how both maximally extended supergravities (of type A and 
B) reduce, stepping down from D = 10 to D = 3 to the following non linear 
sigma model coupled to 13 = 3 gravity: 



C-"^odei ^ ^Td^ [ 2 R[g] + 1 hi J (0) 5^0^9,0-^ g'^''] (5.1) 

where /i/j, I, J = 1, . . . , 128, is the metric of the 128-dimensional homoge- 
neous coset manifold 

The above manifold falls in the general category of manifolds U/H such 
that U (the Lie algebra of U) is the maximally non-compact real section of a 
simple Lie algebra Uc and the subgroup H is generated by the maximal compact 
subalgebra EI C U. In this case the solvable Lie algebra description of the target 
manifold U/H is universal. The manifold U/H is isometrical to the solvable 
group manifold: 

Md ^ exp [Solv (U/H) ] (5.3) 

where the solvable algebra Solv (U/H) is spanned by all the Cartan generators 
Tii and by the step operators E" associated with all positive roots a > (on 
the solvable Lie algebra parametrization of supergravity scalar manifolds see 
|47l 148) 1. On the other hand the maximal compact subalgebra EI is spanned by 
all operators of the form Ea—E-a for all positive roots a > 0. So the dimension 
of the coset d, the rank r of U and the number of positive roots p are generally 



101 



102 



Geodesies on maximally non compact cosets U/H 



related as follows: 

dim [U / H] = d — r + p ; p = ^positive roots = dim M ; r = rank U 



In the present chapter we concentrate on studying solutions of a bosonic 
field theory of type that are only time-dependent. In so doing we consider 
the case of a generic manifold U/H and we show how the previously recalled 
algebraic structure allows to retrieve a complete generating solution of the field 
equations depending on as many essential parameters as the rank of the Lie 
algebra U. These parameters label the orbits of solutions with respect to the 
action of the two symmetries present in 115. l|l , namely U global symmetry and H 
local symmetry. S The essential observation is that, as long as we are interested 
in solutions depending only on time, the field equations of Il5.1|l can be organized 
as follows. First we write the field equations of the matter fields 4>^ which 
supposedly depend only on time. At this level the coupling of the sigma-model 
to three dimensional gravity can be disregarded. Indeed the effect of the metric 
5oo is simply that the field equations for the scalars 4>^ have the same form as 
they would have in a rigid sigma model with just the following proviso. The 
parameter we use is proper time rather than coordinate time. Next in the 
variation with respect to the metric we can use the essential feature of three- 
dimensional gravity, namely the fact that the Ricci tensor completely determines 
also the Riemann tensor. This means that from the stress energy tensor of 
the sigma model solution we reconstruct, via Einstein field equations, also the 
corresponding three dimensional metric. 

5.1 Decoupling the sigma model from gravity 

Since we are just interested in configurations where the fields depend only on 
time, we take the following ansatz for the three dimensional metric: 



where A{t) and B{t) are undetermined functions of time. Then we observe that 
one of these functions can always be reabsorbed into a redefinition of the time 
variable. We fix such a coordinate gauge by requiring that the matter field 
equations for the sigma model should be decoupled from gravity, namely should 
have the same form as in a fiat metric. This will occur for a special choice of 
the time variable. Let us see how. 

In general, the sigma model equations, coupled to gravity, have the following 
form: 



(5.4) 




(5.5) 



(5.6) 
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In the case we restrict dependence only on time the above equations reduce to: 

We want to choose a new time r = T{t) such that with respect to this new 
variable equations 115.711 take the same form as they would have in a sigma 
model in flat space, namely: 

¥ + ^^jK V (j)^ ^ I, J, K ^ 1, dimX (5.8) 

where Fj^ are the Christoffel symbols for the metric hjj. The last equations 
are immediately interpreted as geodesic equations in the target scalar manifold. 

In order for equations 115. 7|l to reduce to 115. 8|l the following condition must 
be imposed: 

V^d^ ^ ^ ^ ^ dt = ^^d^ g°UT (5.9) 
at uT 

Inserting the metric 115. 5|l into the above condition we obtain an equation for the 
coefficient A{t) in terms of the coefficient B(t). Indeed in the new coordinate r 
the metric 115. 5|l becomes: 

dslo = B^{t) dT^ - B^{t) (dr^ + r^dcj)'^) (5.10) 

The choice (j5.1()|l corresponds to the following choice of the dreibein: 

e° = B^{T)dT ; e^ = B{T)dr ; e^^B{T)rd(t) (5.11) 

For such a metric the curvature 2-form is as follows: 

01 2i3\T)^B{T)B{T) , , 

^ = m7) ' 

02 2B^{t)-B{t)B{t) , ^ 

^ ^ m7) " 

i?- = -Ij^e^Ae^ (5.12) 

The Einstein equations, following from our lagrangian Ij5.1|l are the following 
ones, in ffat indices: 

2Gab = Tab ; Gab = RiCab~\Rriab \ 0,5 = 0,1,2 (5.13) 

With the above choice of the vielbein, the flat index Einstein tensor is easily 
calculated and has the following form: 



r -^M. r -a r __ /^B\t) ~ B{t) B{t) .. 
°° - 2B^{t) ' '^0*-^' ~ 2BHt) ' 

(5.14) 
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On the other hand, calculating the stress energy tensor of the scalar matter in 
the background of the metric H5.1f)|l we obtain (also in flat indices) : 

Too = {¥^'hij) ■ To. = ; T,, = (^^^^■^hi.j) % ; = 1,2 

(5.15) 

where 

<i)^^-^hij = tu^ (5.16) 

is a constant independent from time as a consequence of the geodesic equations 
Ij5.8ll . To prove this it suffices to take a derivative in t of vu'^ and verify that it 
is zero upon use of eq.s Il5.8|l . 

Hence in order to satisfy the coupled equations of gravity and matter fields 
it is necessary that: 

^ B'jr) _^ 2B\T)-B{r)B{T) 1 ^ 

2B%t)~ 2B6(r) ~2B*{t) 

The first of the above equalities implies: 

B = kB B(r) = exp[/cr] (5.18) 

where k is some constant. The second equality is satisfied if: 



k = ±^\^\ = ±^^^^^Jhij (5.19) 

In this way we have completely fixed the metric of the three-dimensional space 
as determined by the solution of the geodesic equations for the scalar matter: 

dsljj = exp [4fc t] dr^ - exp [2k t] [dxj + dxj) (5.20) 

with the parameter k given by ea. lj5.19ll . 

5.2 Geodesic equations in target space and the 
Nomizu operator 

Having clarified how the three dimensional metric is determined in terms of the 
solutions of the sigma model, we concentrate on this latter. We focus on the 
geodesic equations 115.811 and in order to study them, we rely on the solvable Lie 
group description of the target manifold going to an anholonomic basis for the 
tangent vectors to the geodesic. Since gravity is decoupled from the scalars, we 
deal with a rigid sigma-model where the fields depend only on time 

^a~model ^ hjj(^^-j^I^J (5 21) 



As was mentioned before, the equations of motion in this case reduce to the 
geodesic equations for the metric /i7j((/>) and time plays the role of a parameter 
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along the geodesies (see ea. ll5.8|) ). Since hij{<p) is the metric of a scalar manifold 
which is a maximally non-compact coset M ~ U/H, we can derive this metric 
from a coset representative L(0) £ U 

hij{(j)) ^ Tr(PA'IL"i5/]L]L"i9jIL) (5.22) 

Fk being a projection operator on the coset directions of the Lie algebra U to 
be discussed in a moment. To this effect we introduce the following general 
notation. We make the orthogonal split of the U Lie algebra: 

U = He]K (5.23) 

where H C U is the maximal compact subalgebra and K its orthogonal com- 
plement. We adopt the following normahzations for the generators in each 
subspace: 

K = Span{i^^} = Span{i7„ -^{E^ + S_„)} (5.24) 
H = Span{t„} = Spa.n{{Ea - £^-a)} 

The U Lie-algebra valued left invariant one-form 

n = h-^dh = V^Ka + uj°'ta (5.25) 

is in general expanded along all the generators of U (not only along K) and V ~ 
Ka corresponds to the coset manifold vielbein while u = uo"' ta corresponds 
to the coset manifold H-connection. 

As it is well known neither the coset representative L((^), nor the one-form 17 
are unique. Indeed L is defined up to multiplication on the right by an element 
of the compact subgroup h E H . This is a gauge invariance which can be fixed 
in such a way that the coset representative hes in the solvable group SolviJJ 
obtained by exponentiating the solvable subalgebra S'oZt;(U/]HI) 

L (0) = exp {Solv{li/m) ■ 0) (5.26) 

In the case of U/H being maximally non compact Solv{\]/M) coincides with the 
Borel subalgebra and therefore it is spanned by the collection of all Cartan gen- 
erators and step-operators associated with positive roots, as we already stated, 
namely: 

Solv{\]/m) = Span {Ta} = Span {H„ E^,} (5.27) 

If the coset representative L is chosen to be a solvable group element, as in eq. 
H5.26|l . namely if we are in the solvable parametrization of the coset, we can also 
write: 

VL^l.-^dl.^V'n^ + V"' Ea, = V'^TA (5.28) 
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since fl is contained in the solvable subalgebra Solv(l] /M) C U. Eq.s Ij5.25ll and 
H5.28II are compatible if and only if: 

= V2lu" (5.29) 

In this case we can identify V = V and V ^ V^V"'; eo. K^ is the solvability 
condition for a coset representative. 

Hence we can just rewrite the metric of our maximally non-compact manifold 
U/H as follows: 

dimu 

dsl/^ = ^ (E)V^^V'®V' + ^V"® V" (5.30) 

A=l 

It is interesting to discuss what are the residual H-gauge transformations that 
remain available after the solvable gauge condition (I5.29|l has been imposed. To 
this effect we consider the multipHcation 

Li-^L/i = L (5.31) 

where 

h = exp [6*" tc] (5.32) 

is a finite element of the H subgroup singled out by generic parameters theta. 
For any such element we can always write: 

h-'^KAh = D{0)^^Kb (5.33) 

where the matrix A{9) is the adjoint representation of h and D{9) is the D- 
representation of the same group element. We obtain: 

= h-^ dh + h-^ uj h + hr^ Vh (5.34) 

= uJ =V 



where 



■ tr {h-^ dhta,) + uj'^ A{e)° 



= Die)^" + V D{e),'' (5.35) 

Suppose now that the coset representative L is solvable, namely it satisfies 
eq. H5.29|l . The coset representative L will still satisfy the same condition if the 
/i-compensator satisfies the following condition: 



V2 



ir {h'\e)dh{e)t^) = (a(0)^" - D{e)p°'^ + V^' I?(0)," (5.36) 
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The above equations are a set of n = ^roots = dimH differential equations on 
the parameters 9" of the /i-subgroup element (compensator). In the following 
we will use such set of equations as the basis of an algorithm to produce solutions 
of the geodesic equations Ij5.8|l . 

Given these prehminaries, we can establish a new notation. We introduce 
tangent vectors to the geodesies in the anholonomic basis: 

$-4 ^ (0) 0/ (5 37) 

which are functions only of time: — ^^{t). In this basis the field equations 
reduce to 

$^ + T^c'^^^^ = (5.38) 

where now are the components of the Levi-Civita connection in the chosen 
anholonomic basis. Explicitly they are related to the components of the Levi 
Civita connection in an arbitrary holonomic basis by: 

r^c = ^jKV/'viV^ - dKiV,f)Vi (5.39) 

where the inverse vielbein is defined in the usual way: 

V/'V^=S^ (5.40) 

The most important point here is that, the connection Tg^ can be identified 
with the Nomizu connection defined on a solvable Lie algebra, if the coset rep- 
resentative L from which we construct the vielbein via ea. ll5.25|l . is solvable, 
namely if and only if the solvability condition H5.29|l is satisfied. In fact, as we 
can read in jlf)3| . once we have defined over Solv a non degenerate, positive 
definite and symmetric form: 

( , ) : Solv (g) Solv — > R 
{X,Y) - (Y,X) (5.41) 

whose lifting to the manifold produces the metric, the covariant derivative is 
defined through the Nomizu operator: 

yX e Solv : hx : Solv — > Solv (5.42) 

so that 

VX, y, Z e Solv : 2{Z , ]LxY) = (Z, [X, Y]) - {X, [F, Z]) - (Y, [X, Z\) (5.43) 

while the Riemann curvature 2-form is given by the commutator of two Nomizu 
operators: 

R'^z (X, Y) = {W,{ [hx , Ly] - l.[x,Y] } Z) (5.44) 
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This implies that the covariant derivative explicitly reads: 

Lx F = Z (5.45) 

where 

{{Z,[X,Y]) - {X,[Y,Z]) - {Y,[X,Z])) y^^y^^, 
TxY = 2 <Z Z > ' ' ^ ' 

In concrete, the non degenerate, positive definite, symmetric form on the 
solvable Lie algebra which agrees with equation Il5.^i()|l is defined by setting: 

{TLi , TLj) — 2 5ij 

{Ut ,E^) = 

{Ea , Ep) = (5.47) 

VTYi, Hj e CSAEg(gj and VE'q, step operator associated to a positive root a of 
E8(8) . Then the Nomizu connection (which is constant) is very easy to calculate. 
We have: 





= 






pi 


= ^{-{E^,[E0,W]] 


> - {Ep, [-Ba, 




pa 

ij 


_ pa _ pi _ A 






pa 






]» = -atS^ 


pa+/3 
^ af3 


- ~-^/3a - 2^"/3 






pa 

^ a+/3/3 


pa 1 /\/" ^ 

— ^f3a+P — 2^^"/3 







where Nap is defined by the commutator: 

[E^ , Ep] = N^p Ea+p (5.48) 

which has to be worked out in the algebra. ^ Notice that T^y ^yx since 
its expression consists of the first term which is antisymmetric in {X, Y) and 
the sum of the last two which is symmetric. The component F^^ consists of the 
sum of two equal contributions from the antisymmetric and symmetric part, 
the same contributions cancel in which indeed vanishes. By substituting 
the explicit expression of the Nomizu connection in II5.38|I and introducing for 
the further convenience new names for the tangent vectors along the Cartan 
generators = we have the equations: 

+ i ^ a'^l = 

aGA + 

+ ^ A^„0$^$"+'^ - at = (5.49) 

/3gA + 

^The values of the constants Af^^, that enable to construct explicitly the representation of 
-Bg(g), used in this paper, are given in the hidden appendix. To see it, download the source 
file, delete the tag end{document} after the bibliography and LaTeX. 
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Eq.s Ij5.49l ) encode all the algebraic structure of the D — i sigma model and 
due to our oxidation algorithm of the original supergravity in ten dimensions. 

All this means that, thanks to the solvability of the algebra (and also to the 
fact that we know the explicit form of the connection via the Nomizu operator) , 
we have reduced the entire problem of finding time dependent backgrounds for 
either type IIA or type IIB superstrings or M-theory to the integration of a 
system of differential equations firmly based on the algebraic structure of i?8(8) ■ 
This is a system of non-linear differential equations, and from this point of 
view it might seem hopeless to be solved. Yet, due to its underlying algebraic 
structure, one can use its isometrics to generate the complete integral depending 
on as many integration constants as the number of equations in the system. This 
is the compensator algorithm we alluded to above, which we shortly outHne. To 
this effect we discuss the role of initial conditions for the tangent vectors to the 
geodesies. There exist a number of possibilities for such conditions that can 
truncate the whole system to smaller and simpler ones. The simplest choice is 
to put all root-vectors to zero in the origin. This will ensure that root-vectors 
will remain zero at all later times and the system will reduce to 

= (5.50) 

The solution of such a reduced system is trivial and consists of a constant vector 
= (x*, 0). If we apply an H-rotation to this tangent vector 

= V^ D{0)b'^ (5.51) 

we produce a new one, yet, for generic H-rotations we will break the solvable 
gauge, so that the result no longer produces a solution of en.s H5.49|l . However, if 
we restrict the 6*" parameters of the rotation to satisfy condition Ij5.;ffi|l , then the 
solvable gauge is preserved and the rotated tangent vector V is still a solution 
of en.s H5.49|l . Hence a general algorithm to solve the differential system H5.49II 
has been outlined. One starts from the trivial solution in en. H5.5flll and then 
tries to solve the differential equation for the theta parameter corresponding 
to one particular H-generator ta = Ea — E-a. Applying this rotation to the 
trivial solution we obtain a new non trivial one. Then starting from such a 
new solution we can repeat the procedure and try to solve again the differential 
equation for the theta parameter relative to a new generator. If we succeed 
we obtain a further new solution of the original system and we can repeat the 
procedure a third time for a third generator, iteratively. Indeed, considering 
en. H5.36|l we see that if h{t) is just a general element of the subgroup H, the 
system is rather difficult to solve, yet if we choose a rotation around a single 
axis hag = e*°"(*'*°o, then ^ ,^2 ^ Tr {h^^dhtao) = 9°"> and, if all the other 
equations for a 7^ ao are identically satisfied, as it will turn out to be the case 
in the examples we consider, then the system reduces to only one first order 
differential equation on the angle 9"" (t) . 
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We name such an algorithm the compensator method and we wiU illustrate 
it in the next chapter with specific examples. 



Chapter 



6 



The A2 toy model as a 
paradigma 



In this chapter we consider expHcit examples of solutions of the geodesic problem 
in the case of an A2 simple algebra. Later we will consider the possible embed- 
dings of such an algebra into the Eg algebra, so that the solutions we construct 
here will be promoted to particular solutions of the full E8(g)/SO(16) sigma 
model. The diverse embeddings will correspond to diverse oxidations of the 
same three dimensional configuration to 13 = 10 configurations. In other words 
there exist various non abelian solvable subalgebras 5*5 C S'o^w(E8/SO(16)) of 
dimension 5 which by means of a Hnear transformation can be identified as 
the solvable Lie algebra of the simple Lie algebra A2 , namely the solvable Lie 
algebra description of the coset manifold: 



The detailed study of this model provides our paradigma for the general so- 
lution of the complete theory based on the coset manifold Eg(8)/SO(16). We 
emphasize that the possibility of choosing a normal form for the initial tangent 
vector to the geodesic allows to reduce the system of first order equations to 
a much simpler set, as we started to discuss in the previous chapter in general 
terms. Such a normal form can be chosen in different ways. In particular it can 
always be chosen so that it contains only Cartan generators. When this is done 
the system is always exactly solvable and in terms of pure exponentials. The 
solution obtained in this way provides a representative for the orbit of geodesies 
modulo isometrics. We can then generate new solutions of the differential sys- 
tem II5.49|I by the compensator method we described in the previous chapter. 
In this chapter we illustrate such an algorithm in the case of the toy A2 model. 
The resulting solutions have not only a tuitional interest, rather they provide 



M5 = exp [Solv{A2)] 



SL(3,IR) 
S0(3) 



(6.1) 
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examples of solutions of the full Egj-g) system and hence of full supergravity. It 
suffices to embed the A2 Lie algebra in the full algebra £3(8) ■ We will discuss 
such embeddings and the corresponding oxidations of our sigma model solutions 
in later chapters. 



6.1 Structure of the A2 system 

Our model consists of 5 scalar fields, which parametrize a coset manifold M.^ = 
SL(3)/SO(3). Our chosen conventions are as follows. The two simple roots of 
SL(3) are: 

P, = {V2,0}, /32 = |-^,y|| (6.2) 
and the third positive root, which is the highest is: 

/33 = /?i + /?2 = |^, (6.3) 

Furthermore the step operator E/}^ is defined through the commutator: 

= , E0,] (6.4) 

and this completely fixes all conventions for the Lie algebra structure constants. 
The three generators of the maximally compact subgroup are defined as: 

ti = -B/3i - -B-/3i , t2 = E/s^ - E_0^ , ts = Ep^ - E-p^ (6.5) 

and they satisfy the standard commutation relations: 

[U , tj] = Cijk tk (6.6) 

In the orthogonal decomposition of the Lie algebra: 

A2 = S0(3) e Kg (6.7) 

the 5-dimensional subspace K5 is identified with the tangent space to M5 and 
corresponds to the j = 2 representation of SO (3) 

[t0,KA]=Yf^KB (6.8) 

This subspace is spanned by the following generators: 

IK5 - Spanjifi, H„ ^= , ^= , 1 (6.9) 
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Applying to this case the general formulae Il5.49|l based on the Nomizu con- 
nection H5.48II we obtain the differential system: 



In order to solve this differential system of equations we recall their geomet- 
rical meaning. They are the geodesies equations for the manifold H6.III written 
in flat indices, namely in an anholonomic frame. Any geodesies is completely 
determined by two data: the initial point po € M5 and the initial tangent vector 
t G T{Mq) at time t = 0. Since our manifold is homogeneous, all points are 
equivalent and we can just choose the origin of the coset manifold. Since we 
are interested in determining the orbits of geodesies modulo the action of the 
isometry group, the relevant question is the following: in how many irreducible 
representations of the tangent group S0(3) does the tangent space decompose? 
The answer is simple: the 5 dimensional tangent space is irreducible and cor- 
responds to the j — 2 representation of SO (3). The next question is: what 
is the normal form of such a representation and how many parameters does it 
contain. The answer is again simple. A spin two representation is just a sym- 
metric traceless tensor gij in three dimensions. By means of S0(3) rotations we 
can reduce it to a diagonal form and the essential parameters are its eigenval- 
ues, namely two parameters, since the third eigenvalue is minus the sum of the 
other two, being the matrix traceless. So by means of S0(3) rotations a generic 
5-dimensional tangent vector can be brought to contain only two parameters. 
This argument is also evident from the consideration that 5 — 3 = 2, namely 
by means of the three SO (3) parameters we can set three components of the 
5-dimensional vector to zero. 

We can also analyze the normal form of the 5-dimensional representation 
from the point of view of eigenstates of the angular momentum third component 
^3. This latter has skew eigenvalues ±2, ±1 and 0. The transformation of the 
matrix g = {gij} under any generator t of the SO (3) Lie algebra is 



so that the pair of skew eigenstates of the generator t^ , as given in eq. II6.31|I , 
pertaining to the skew eigenvalues ±2 is provided by the symmetric matrices of 
the form: 



^i{t) + $2(0 $3(0 - \/2$i(<) xi{t) = 




(6.10) 



Sg ^ [t, g] 



(6.11) 




(6.12) 
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which can be diagonaUzed through SO (3) rotations (actually SO (2) in this case) 
and brought to the normal form: 



/ + P 



92 








3.13) 



62 



which is just one of the two in the pair of skew eigenstates. On the other hand 
the symmetric traceless matrix that corresponds to the null eigenstate of is is: 



9{o) 



s 
-2s 
0s 



(6.14) 



A superposition (72+5(0) provides the most general diagonal traceless symmetric 
matrix, namely the normal form to which any state in the j = 2 irreducible 
representation can be brought by means of S0{3) rotations. 

Alternatively, since the j = 2 representation is provided by the tangent 
space to the M5 manifold, spanned by the coset generators of SL(3,R) not 
lying in the compact SO (3) subalgebra, we can identify the normal form of a 5- 
dimensional vector as one with non vanishing components only in the directions 
of the Cartan generators. Indeed, by means of S0(3) rotations any vector can be 
brought to such a form and the counting of independent parameters coincides, 
namely two. This is a completely general statement for maximally non compact 
coset manifolds. The rank of the coset is equal to the number of independent 
parameters in the normal form of the H representation provided by the coset 
subspace K. 

Relying on these considerations, let us consider the explicit representation of 
the group S0(3) on the tangent space to our manifold M5 and how, by means of 
its transformation we can bring the initial tangent vector to our geodesic to our 
desired normal form. Indeed our aim is to solve the geodesic equations Ij6.1()ll 
fixing initial conditions: 



{Xi(0) , X2(0) , <I>i(0) , $2(0) , $3(0)} = V = {fi, T>2, . . . , V^;} (6.15) 

where V is the normal form of the 5 vector. To this effect it is convenient to 
inspect the representative matrices of SO (3) on the tangent space. The three 
generators of the maximally compact subgroup were defined in (16.511 and in the 
basis of K5 provided by the generators H6.9|l the 5x5 matrices representing 
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S0(3) 
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0/ 
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-1 %/3 



-1 

1 




1 



-V3 



/ 



1 o\ 



-1 


y 



(6.16) 



\1 V3 

These matrices have the expected skew eigenvalues: 

(±2, ±1, 0) 

For the generator the corresponding eigenvectors are: 

eigenvalue 
eigenvalues ±1 



(6.17) 



eigenvalues ±2 



{-V3, 1,0,0,0} 
I {0,0,1,1,0} 
I {0,0,-1,1,0} 

{^,^1, 0,0,^2} 



(6.18) 



{-^,-\/lA0,V2} 



So reduced to normal form the 5-vector of initial condition is a linear com- 
bination of the vectors ^±2 = {i:^, iy^, 0, 0, \/2} with the vector ^0 = 
{—\/3, 1, 0, 0, 0}. In particular writing: 



formal form 



a 3*0 + b{'g+2 - ~g -2) 

VSa + \/2fe,a + \/6&, 0,0,0 



(6.19) 



we obtain an initial tangent vector that has non vanishing components only in 
the directions of the Cartan generators. ^ For reasons of later convenience we 
parametrize the initial normal tangent vector as follows: 



formal form 



4^2 ' 4^6 



,0,0,0 



(6.20) 



and we conclude that we can find a generating solution of the geodesic equations 
if we solve the first order system for the tangent vectors (eq.s Il6.10|l l with the 
initial conditions given by eq. Ij6.20ll . With such conditions the differential system 

^Indeed, starting from the Cartan subalgebra, we can generate the whole K space by 
applying the adjoint action of the H subalgebra Adf^Hi = h"[Hi,ta] = V2aih°'Kci. 
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Ijfi.lOII is immediately solved by: 

(gen)/,N - K [gen] , i UJ + K 

From this generating solution we can obtain new ones by performing SO (3) 
rotations such that they keep the solvable parametrization of the coset stable. 
In particular by rotating along the three possible rotation axes we can switch 
on the root fields ^pit), one by one. This procedure is discussed in chanter lOI 



6.2 Scalar fields of the Ao model 



In order to find the solutions for the scalar fields 0^ , we have to construct explic- 
itly the SL(3,R)/SO(3) coset representative L. First, we fix the parametrization 
of the coset representative as follows 

L = exp [ip^{t) E3] exp[v?i(i) Ei + Lp'^{t) E2] exp [h\t) Hi + h'^{t) H2] (6.22) 

Note that here we have ordered the exponentials by height grading, first the 
highest root of level two, then the simple roots of level one, finally the Cartan 
generators of level zero. As we will appreciate in eq.s II8.21|I . this is crucial in 
order to interpret the scalar fields ipi as the components of the corresponding 
p-forms, in oxidation. Choosing the following normalizations for the generators 
of the fundamental defining representation of the group SL(3,M): 



Hi 











1 




u 






V6 







1 

V6 







(6.23) 



and 






(6.24) 



we construct a coset representative L £ SL(3,M)/SO(3) explicitly as the follow- 
ing upper triangular matrix: 

(e -y^ + V6 e v^+vB (pi{t) e-V3'»2(t)(i^^(i)^2(t) + (p3(i))\ 



V 



hl(t) . h2{t) 





~Vi/i2(i) 



Then we calculate the vielbein components through the formula: 

V =Tr k-i^LK^ 
dt 



J 

(6.25) 
(6.26) 
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where Kg are the generators of the coset defined in ea J6.9|l . The vielbein 
can be found expUcitly as a function of time, recalUng that in the solvable 
gauge it is connected with the solutions of the eq.s Hfi.lfl|l by the formula = 
V\ — — V^V^. We obtain the following equations: 

= hi{t) = xi{t) 

y = e ~^ 73 ^2 W = ^$2W 

_ (y^(t)^^(t)_y,(t)y, (t)+2y3 it)) _ 

^ - ^ 2^2 ~ v^^^ltj 

where in the last column we are supposed to write whatever functions of the 
time t we have found as solutions of the differential equations Ijfi.lOII for the 
tangent vectors. For future use in the oxidation procedure it is convenient to 
give a name to the following combination of derivatives: 

W{t)=^2{t)^i\t)-if^{t)^2'(t)^2^^\t) (6.28) 

and rewrite the last of equations (I6.27|l as follows: 

$3(t) = ie ^ W{t) (6.29) 

In particular, the generating solution for the tangent vectors (inserting = 
47f ' ^ ^ = 0, <i>2 = 0, $3 ^ 0) gives, up to irrelevant integration 

constants, the following scalar fields: 

, , , (UJ— K)t , , , (3uj + K)t 

(^i(t)=0, </?2(i)=0, Mt)^0 (6.30) 

6.3 Differential equations for the H-compensators 
and the generation of new solutions 

Non trivial solutions of the system ^6.101 can now be obtained from the gener- 
ating solution Ij6.21ll by means of a suitable H-subgroup compensating transfor- 
mation, applying to the present case the general procedure of the compensator 
method outlined at the end of chapter In previous paragraphs we have al- 
ready collected all the ingredients which are necessary to construct the exphcit 
form of eq.s II5.36|I . Indeed from eq.s H6.23II . II6.24|I . by recalling the definition 
Ij6.5ll , we immediately obtain the three generators ti of the compact subgroup 
S0(3) in the 3-dimensional representation which is also the adjoint: 

/ 1 

t^^' = I -1 I , tlf' = I 1 I , t[f' = 

\ -1 

(6.31) 
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On the other hand in eq. Ij6.1|l . we constructed the generators ti in the 5- 
dimensional j = 2 representation, spanned by the vielbein. Hence introducing a 
compensating group element h G SO (3), parametrized by three time dependent 
angles in the following way: 



h = exp [03{t) ts] exp [e2{t) t2] exp [Oiit) h 



3.32) 



A{e) 


— exp 




exp 


02 (t) 4"' 


exp 




m 


— exp 


'e,{t)tf 


exp 


02^4"' 


exp 





we immediately obtain the explicit form of the adjoint matrix A{9) and of the 
matrix D(9), by setting: 



(6.33) 



Inserting the normal form vector Il6.20|l and the above defined matrices A{9) 
and D{9) into the differential system H5.36II we obtain the following exphcit 
differential equations for the three time dependent ^-parameters: 

03 (i) = sin 2 03 (t) 

d2{t) = I [k + w cos 2 03 (t)] sin 2 02 (t) 

O^it) ^ + K. cos 2 02 {t) + uj [cos 202 (<) - 3] cos 203 [t)] sin 2 0i {t) + 

(6.34) 



-itjsin^ 9i{t) sin02(<) sin 2 03 (^) 



At the same time the rotated tangent vector reads as follows in terms of the 
chosen angles: 



^rot 
^rot 



■^rot 



•^rot 



■^rot 
■^rot 



^n.f. D{9) 

Y^{-cos20i [2k + 2k cos 202 cos 2(02 - 03) 

-Quo cos 203 +w cos 2(02 + 03)] + %uo sin20i sin 02 sin 203} 

{-2 K + 6 K cos 2 02 + 3 w cos 2 (02 - 03) 
+6w COS203 + 3w cos2 (02 + 03)} 

{- [2 K + 2 K cos 2 02 + cos 2 (02 - 03) - 6 w cos 2 03 
+CJ cos 2 (02 + 03)] sin 2 01 - 8 cj cos 2 0i sin 02 sin 2 03} 

{cos 01 (k + a; cos 2 03) sin 2 02 + 2 cos 02 sin 0i sin 2 03} 
^ {- (k + cos(2 03)) sin 0i sin 2 02 

+2 w cos 01 cos 02 sin 2 03} (6.35) 



In this way finding solutions of the original differential system for tangent vectors 
is reduced to the problem of finding solutions of the differential system for 
the compensating angles Ij6.34|l . The main property of this latter system is 
that it can be solved iteratively. By inspection we see that the first of eq.s 
H6.34II is a single differential equation in separable variables for the angle 03. 
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Inserting the resulting solution into the second of eq.s Ij6.34ll produces a new 
differential equation in separable variables for 62 which can also be solved by 
direct integration. Inserting these results into the last equation produces instead 
a non-linear differential equation for 61 which is not with separable variables 
and reads as follows: 

Pi(i)sin2 6'i(i) ^ p2{t)sin^ ei{t) + 01 {t) = (6.36) 

In en. (l6.36|) pi[t) are two functions of time determined by the previous solutions 
for 6*2,3 (t). Exphcitly they read: 

Pi{t) = ^{2K + 2ncos2e2{t)+uj cos2[e2{t)~e3{t)] 

-6 w cos 2 6*3 (t) + w cos 2 [6*2 (t) + 6*3 [t)]} 
P2{t) = -iw sin 6*2(0 sin 26*3 (t) (6-37) 

and we can evaluate them using the general solutions of the first two equations 
in 116.3411 . namely: 



73 



it) — — arcsin 



e 2 



^gtw _|_ A3 

t(^ + ^) + A2 



6»2(<) = - arcsin —= (6.38) 

ye*" + e"^3 + e 2 

where A2,3 are two integration constants. Equation H6.36II is actually an inte- 
grable differential equation. Indeed multiplying (j6.36ll by 1/ sin^ and intro- 
ducing the new depending variable y{t) — cot 6*1, Ij6.36ll becomes actually the 
following hnear differential equation for y{t) 

2y{t)p^{t)+p2{t)-v{t)' = Q (6.39) 

which can easily be solved. Hence the general integral of II6.36|I reads as follows: 

^2 / pi(t)dt 



i{t) — > — arccot 



P2{t) , , 

.2 SMt)dt + ^1 



(6.40) 



where Ai is a third integration constant. 

In this way the system of eq.s H6.34II has obtained a fully general solution 
containing three integration constants. By inserting this general solution into 
equation Ij6.35ll one also obtains a complete general solution of the original 
differential system for the tangent vectors containing five integration constants 
w, K, Ai, A2, A3, as many as the first order equations in the system. 

Let us consider for instance the choice A2 = A3 = 0. In this case the solution 
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for the rotation angles 03 2 reduces to: 



e 2 

^3 (*) ^ ~ arcsin 



e 4 

72 (i) > —arcsin — -^^^^^^^^^= (6-41) 

1 + e*'^ + e*'''2^"' 

and by replacing this result into the integrals we get: 

2jMt)dt = ^ - + 4 log(l + e--) - 2 log(l + e-" + e^^),^^^^ 

and 

P2W 1 



r , dt= — (6.43) 

Substituting the above expHcit integrations into en. (|6.4fl|l we obtain: 



arccot 



(l + (l + e*-) M) 



e 2 



(6.44) 



that together with eq.s (l(i.41|l provides an explicit solution of equations 
We can replace such a result in ea. (l6.35|l and obtain the tangent vectors after 
three rotations. Yet as it is evident form en. H6.35|l the first two rotations are 
already sufficient to obtain a solution where all the entries of the 5-dimensional 
tangent vector are non vanishing and hence all the root fields are excited. In the 
sequel we will consider the two solutions obtained by means of the first rotation 
and by means of the first plus the second. They will constitute our paradigma 
of how the full system can be eventually solved. These solutions however, as we 
discuss in later chapters, are not only interesting as toy models and examples. 
Indeed through oxidation they can be promoted to very interesting backgrounds 
often dimensional supergravity that make contact with the physics of S-branes. 

6.3.1 Solution of the difFerential equations for the tangent 
vectors with two Cartan and one nilpotent field 

Let us consider the system ll(i.34|l and put 

6-^=02 = const = (6.45) 

This identically solves the last two equations and we are left with the first whose 
general integral was already given in en. (l6.38|) . By choosing the integration 
constant A3 = we can also write: 
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By inserting Il6.46|l and Il6.45|l into Il6.35|l we obtain the desired solution for the 
tangent vectors: 

n + u tanh ^ K~iuo tanh 

»<" = — wr^- = — iTT^- 

= 0, *.(0 = 0. (6.47) 

where one root field is excited. 

Next we address the problem of solving the equations for the scalar fields, 
namely en.s (|6.27ll . which are immediately integrated, obtaining: 

te + 21og(cosh^) tK^Q\og{cosh'-f) 

'^^'^ = 171 ' = IT! ' 



'1 + tanh(if ) 

(^i(i) = 0, V2{t)=Q, Mt) = ^^—=^- (6.48) 

We can now insert eq.s H6.48II into the form of the coset representative H6.25|l and 
we obtain the geodesic as a map of the time line into the solvable group manifold 
and hence into the coset manifold depending on your taste for interpretation: 

Rt exp [Solv{A2)] (6.49) 

In chapter H8.2.1|l the oxidation of this sigma-model solution to a full fiedged 
supergravity background in I? = 10 is studied. 



6.3.2 Solution of the difFerential equations for the tangent 
vectors with two Cartan and three nilpotent fields 

Then we continue the hierarchical solution of the Ij6.34ll differential system by 
considering the next rotation 62. We set 0i = const = and we replace in eq.s 
H6.34II the solution II6.46|I for 63, with A3 = 0. The first and the last differential 
equations are identically satisfied. The second equation was already solved in 
eq. H6.38|l . By choice of the irrelevant integration variable A2 = a convenient 
solution of the above equation is provided by the following time dependent angle: 



i{t) = — arcsin — - (6.50) 
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Inserting II6.46|I and Ij6.5flll into Ij6.35ll we obtain : 



X2it) 



4 ^/2 (1 + e*'^) + e*'^ + e"^^^ 
(1 + e*" - 2e^^^) K-3 i-l + e*'^) Lu 

e 4 



2 vT+e*^ (^1 + e*'^ + e — - 

t UJ 

<^^{t) = , (6.51) 



1 + e*'^ + e**"2^"' 



Integrating en.s Hfi.27|l with this new choice of the left hand side we obtain: 
hi(t) 



h2{t) 



t (-K + cj) - 4 log(l + e*'^) + 2 log(l + 6*^^ + e^^^) 
4V2 

t (k + Sw) - 6 log(l + e*'^ + e-^^^) 



4V6 

1 



1 + e*" 
1 + e*'^ + e^-^T^ 



2 p*'^ 

= (6-52) 

(1 + e*'^) (l + e*'^ + e — 2 — j 



In cha.nter 18.2.21 we will see how this cr-model solution can be oxided, among 
other choices, to an interesting 53/51-brane solution of type IIB supergravity. 



Chapter 7 

The Eg Lie algebra: 
Reduction, Oxidation and 
subalgebra embeddings 



We come now to a close examination of the Eg Lie algebra and we show how the 
hierarchical dimensional reduction/oxidation jlf)4| - [T(l5| of supergravity back- 
grounds is algebraically encoded in the hierarchical embedding of subalgebras 
into the Eg algebra. Similarly the structure of the bosonic lagrangians of type 
II A/B supergravities in D 10 [10111031102111021 is encoded in the decom- 
position of the solvable Lie algebra S'o^?;(E8(8)/SO(16)) according to irreducible 
representations of two inequivalent subgroups GL(7,R)a/b ^ Eg(8), respectively 
associated with the moduli space of flat metrics on a torus in compactifled 
type II A or type II B theory |171 Hsl ITTn] . 

In order to carry out our programme we begin by spelling out the Eg, Lie 
algebra in our chosen conventions. 

Using the Cartan-Weyl basis the Lie algebra can be written in the standard 
form: 

[n^,n,] - 

[n^ , Ea] - a, Ea Va G A+ 

[Hi , E^a] = —Oii E^a 
[Ea , Ep] ^ Nail Ea+p \{ a + (3 £ 

[Ea,Ep\ = ifa + /3^A+ 

[Ea.E^p] = Sapa'H, (7.1) 



where Hi are the 8 Cartan generators, Ea are the 120 step operators associated 
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with the positive roots a £ A+.^ 

Our choice of the simple roots as vectors in an Euclidean space is the 
following one 

ai = {0,1,-1,0,0,0,0,0} 

a2 = {0,0,1,-1,0,0,0,0} 

aa = {0,0,0,1,-1,0,0,0} 

a4 = {0,0,0,0,1,-1,0,0} 

as = {0,0,0,0,0,1,-1,0} 

ae = {0,0,0,0,0,1,1,0} 

_ r_i _i _i _i _i _i _i _ii 

7 t 2' 2' 2' 2' 2' 2' 2' 2J" 

as = {1,-1,0,0,0,0,0,0} 

The Dynkin diagrams corresponding to GL(7,]R)^y^ are defined by the fol- 
lowing simple roots: 

GL(7,R)^ ^ {ai, a2, as, 04, ae, as} 

GL(7,M)^ ^ {ai, a2, as, a4, as, as} (7.2) 



These two choices are illustrated in fig l7. II where the roots belonging to the 
SL{7,M.) C G'L(7,R) subgroup of the metric group are painted white. The 
roots eventually corresponding to a B-field are instead painted black, while the 
root eventually corresponding to a RR state are painted gray. As one sees the 
difference between the A and B interpretation of the same Dynkin diagram, 
named by us a painting of the same, resides in the fact that in the first case the 
RR root is linked to a metric, while in the second it is linked to a B-field. 

In order to motivate the above identifications, let us start recaUing that 
the metric-moduli parametrize the coset Ai^^^ = GL(7, M)yi/B/S0(7) in 
the type IIA or B frameworks. If we describe M^^^ as a solvable Lie group 
generated by the solvable Lie algebra Solv{M.f^^) |110l I35j then its coset rep- 
resentative LPq (in our notation the hatted indices are rigid, i.e. are acted 
on by the compact isotropy group) will be a solvable group element which, in 
virtue of the Iwasawa decomposition can be expressed as the product of a ma- 
trix Af~^'^ , which is the exponent of a nilpotent matrix, times a diagonal one 
H"^: L = J\f~^'^ . Indeed the matrix A/""^^ is the exponential of the sub- 
algebra A of Solv{Mg ) spanned by the shift operators corresponding to the 
GL(7, M)^/B positive roots, while H^^ is the exponential of the six-dimensional 

^The values of the constants Af^^, that enable to construct explicitly the representation of 
-Bg(g), used in this paper, are given in the hidden appendix. To see it, download the source 
file, delete the tag end{document} after the bibliography and LaTeX. 
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Figure 7.1: Tiiere are two different ways of embedding the SL(7, R) Lie algebra 
in -B8(8) which correspond to the type IIA and type IIB interpretation of the 
same sigma model. This can also be seen as a different way of painting the same 
Dynkin diagram with blobs that are either associated with the metric (white) or 
with the -B-field (gray) or with the Ramond-Ramond field (black) . Furthermore 
the T-duality transforming the A painting into the B one is just the change in 
sign of the ee vector in Euclidean space. Indeed this corresponds, physically to 
inverting one of the torus radii Rq — > a' /Rg. 



GL(7, M)yi/_B Cartan subalgcbra. The vielbein Ep'^ corresponding to the T'' met- 
ric Qpq will have the following expression : 

E = L-^'^ = Mn, 

g = EE'^=Mn7fN^. (7.3) 

The matrix M is non-trivial only if T"^ has off-diagonal metric-moduli. In 
the case of a straight torus, namely when Qpq = e^""^ 6pq = Rp Spg the diagonal 
entries of H are just the radii Rpi Hp^ = Rp6p^. 

The decomposition of Solv{Es(g,) / SO{16)) = Solv^ with respect to 
Solv{GL{7,M.)/SO{7)) = Solvf'^ has the following form: 

Solvs = 5oZt;^/^+o(l,l) + ^W+BW+B[2l+^c|,*l^ (7.4) 

k 
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where o(l,l) denotes the Cartan generator ^fct[7] parametrized by the ten di- 
mensional dilaton 0, B^^l — i32+p,2+gBP ^ is the subalgebra parametrized by 
the internal components of the Kalb-Ramond field and 

\k] 

C^y^ — C2+P1 ...2+pfc the subalgebra spanned by the internal compo- 

nents of the R-R k-form (in our conventions C2+pi....2+pf, for fc > 4 are the 
dwafeed vectors C2+gi ... 2+<}7_fc, A" '^ith ePi - '"='i - ''''-'= 7^ 0). Finally the spaces 
^[^1 and B1^] are parametrized by the duahzed Kaluza-Klein and Kalb-Ramon 
vectors: Qp^, B2+p,n- It can be verified that the shift generators corresponding 
to Egj-g) positive roots decompose into order-fc antisymmetric tensorial repre- 
sentations tI'^I = {TP^- Pk^ with respect to the adjoint action of GL(7,R)A/i3: 

E e GL(7,M)^/B : E • TP^-P'^ • E^^ = £:f\, . . . £:f%,T'i-«'= (7.5) 

From the definitions (j7.2ll we see that the shift generators corresponding to 
positive roots decompose with respect to GL(7,M)yi into the subspaces B^^l 
and CJ4I, A: = 1, 3, 5, 7 and with respect to GL(7,M)b into BI^I and C^', 
fc = 0, 2, 4, 6. 

As far as the R-R scalars are concerned, these representations correspond 
indeed to the tensorial structure of the type IIA spectrum 

C'2+p, C2+P ,2+q ,2+n C^, C2+P ,2+q , fi 

and type IIB spectrum 

C; C2+p,2+q, C2+p.2+q.2+r.,2+s, C2+p,/j- 

We can now define a one-to-one correspondence between axions and £§(8) 
positive roots. The moduH space is S0(7, 7)t/[SO(7)xSO(7)] = Exp(S'oZi;t) 
parametrized by the scalars g2+p.2+q and i32+p,2+q, where: 

SolvT = Solvj^^ + B^^^ (7.6) 

In three dimensions the scalar fields deriving from the duahzation of and 
Bpfi together with the dilaton (j) enlarge the manifold S0(7, 7)t/[SO(7) x S0(7)] 
to SO(8,8)/[SO(8) X S0(8)] = Exp{SolvNs) where now: 

SolvNs = S'o^w^/-^ + 0(1, l)+ylW+ Bill +BI2I, (7.7) 

This manifold is parametrized by the 64 NS scalar fields. If we decompose Solvs 
with respect to SoIvns we may achieve an intrinsic group-theoretical charac- 
terization of the NS and R-R scalars. From this point of view the R-R scalar 
fields span the 64-dimensional subalgebra SoIvs/SoIvns which coincides with 
a spinorial representation of S0(7, 7)t with a definite chirality. Therefore the 
corresponding positive roots have grading one with respect to the S0(7, 7)t 
spinorial root a [7]. Finally the higher-dimensional origin of the three dimen- 
sional scalar fields can be determined by decomposing Solvs with respect to the 
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solvable algebra Solvn-jy generating the scalar manifold Eii_£)(ii_£)')/H of the 
D-dimensional maximal supergravity. This decomposition is defined by the em- 
bedding of the higher-dimensional duality groups Eii-d{ii-d) inside the three 
dimensional one. The Dynkin diagrams of the nested Lie algebras 

are arranged according to the the pictures displayed in Fig. 17.21 and Fig. 17.31 



Let us now comment on the geometrical relation between the Type IIA and 
IIB representations. The two SL(7,M)^/b Dynkin diagrams are mapped into 
each other by the S0(7, 7) outer authomorphism ey — £7 which corresponds, 
in the light of our parametrization of the £§(8) Cartan generators, to a T-duality 
along the direction . To show that this operation is indeed a T-duality (see 
jlllj and also |112j for a geometrical definition of T-duality in the solvable Lie 
algebra formalism) let us recall the parametrization of the Cartan subalgebra 
in our setup: 



Type IIB: 

7 

h - H = ^ o-p (ep - es) 

p=i 

Type IIA: 

7 

h-H = J2'^pK- 4) 
p=l 

with e'„ = 



■ ay = 2^ o-p (ep - es) + 2(j) 



£8 



p=i 



- 2 ("7 + £7) = 

ifw + 7 
if w = 7 



(7.8a) 



(7.8b) 



where, in the case of a compactification on a straight torus, cTp ~ log (i?p) 
and dp — log (i?p), Rp and Rp being the T'' radii in the ten-dimensional 
Einstein- or string-frame respectively. Let us consider a T-duality along di- 
rections x*^, . . . , a;*'-': Ri^ ^/Rir (^ = 1; • • ■ 7^; o;' = !)• The transformation 
—€i^ in the expression oi h ■ H can be absorbed by the transformation 
—di^^ and '/'~X]r=i '^ir which is indeed the effect of the T-duality. 



As a result of this analysis the precise one-to-one correspondence between 
axions and positive roots can now be given in the following form: 
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Type IIB: 



Type IIA: 



C2+P1 ... ^ 07 + + . . . ep^ , (fc = 2, 4) , 
C2+p,^ ^ aj + e,,+...e,,, (ef^-^^ ^ 0) , 

B2+P , 2+q ^ fip + , 
B2+P , ^ ^ — Cp — £8 J 

7m'+' - £8 

C2+P1...2+P, ^ ay + £7 + Epi + ■ • ■ 4fc ' = 1' 3) ' 
C2+p,,2+p.,M - a7 + e7 + e;+...e;, (gf ^ 0) , 

^ q;7 + £7 + e'l + . . . e'j , 

B 



2+p . 2+q ^ fip + I 
^2+p , ^ ^Cp ^ ^8 ' 



2+9 ^ _ g' 
p "3 



l2+p' "' e„ - e' 

2+0 ' ' 
7m ^ ^ e„ - £8 



(7.9) 



where 72+p^~''' are the parameters entering the matrix J\f and which determine 
the off-diagonal entries of the T'' vielbein Ep^: 

Af = exp(72+p2+9^/) (7.10) 

for a precise definition of the above exponential representation see [IlOj . The 
fields j^'' denote the scalars dual to the Kaluza-Klein vectors. 
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Figure 7.2: The Dynkin diagrams of -^3(3)) C £4(4) C i?5(5) and the labeling of 
simple roots 
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Figure 7.3: The Dynkin diagrams of £'6(6)) C £7(7) C -B8(8) and the labeling of 
simple roots 



130 The Eg Lie algebra 



Chapter 8 



Oxidation of the Ao solutions 



In this chapter, as a working illustration of the oxidation process we derive 
two full fledged D = 10 supergravity backgrounds corresponding to the two A2 
sigma model solutions derived in previous chapters. As we already emphasized 
in our introduction the correspondence is not one-to-one, rather it is one-to- 
many. This has two reasons. First of all we can either oxide to a type IIA 
or to a type IIB configuration. Secondly, even within the same supergravity 
choice (A or B), there are several different oxidations of the same abstract sigma 
model solution, just as many as the different ways of embedding the solvable 
Solv{A2) algebra into the solvable Solv(Es/ S0{16)) algebra. This embeddings 
lead to quite different physical interpretations of the same abstract sigma model 
solution. 

Our first task is the classification of these inequivalent embeddings. 



8.1 Possible embeddings of the A2 algebra 



In order to study the possible embeddings it is convenient to rely on a com- 
pact notation and on the following graded structure of the Solvable Lie algebra 
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Solv{Fig,/ S0{16)) characterized by the following non vanishing commutators: 



[A, A] ^ A 



A,A^'^ 
B[2] , Bill 

A, CW 
B[2] , c^k] 

Q[k] ^ (j[6^k] 



B[2] 
q[*;+2] 

bW 



(8.1a) 
(8.1b) 
(8.1c) 
(8.1d) 
(8.1e) 
(8.1f) 

(8.1g) 
(8.1h) 



In eq. JHUl A^^\ B^'^\ Bill and are the spaces of nilpotent generators 
defined in the previous chapter. While A is the Solvf^^ Lie algebra. In view 
of the above graded structure there are essentially 8 physically different ways of 
embedding the A2 algebra into Egj^g). 

1 Every root /3i,2,3 is a metric generator A. In this case the A2 Lie algebra 

is embedded into the SL(7, M) subalgebra of E8(g) and the corresponding 
oxidation leads to a purely gravitational background of supergravity which 
is identical in the type IIA or type IIB theory. 

2 The two simple roots /3i_2 are respectively associated with a metric generator 

A and a B-field generator B. The composite root P3 is associated with 
a second B-field generator. This is so because the B-generators span an 
antisymmetric rank 2 representation of SL(7,R). In this case oxidation 
leads to a purely NS configuration, shared by type II A and type II B 
theory, involving the metric, the dilaton and the B-field alone. 

3 The two simple roots l3i,2 are respectively associated with a metric gener- 

ator A and with a RR fc-form generator C^'^h The composite root P3 
is associated with a second RR generator C^'^l pertaining to the same 
k. This fohows again from the fact that the C^'^l generators span an 
SL(7, M)representation. In this case oxidation leads to different results in 
type II A and type II B theories, although the metric is the same for the 
two cases and it has non trivial off-diagonal parts. 

4 The simple roots /3i,2 are respectively associated with a RR fc-form generator 

Cl*^! and with a B-field generator B. The composite root is associated 
with a k+2 form generator C'^"'"2. In this case the metric is purely diagonal 
and we have non trivial B-fields and RR forms. Type IIA and type IIB 
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oxidations are just different in this sector. The NS sector is the same for 
both. 

5 The two simple roots /3i,2 arc respectively associated with a RR generator 

Cl*^! and a RR generator Cl^^*^!. The composite root is associated with 
a bI^I generator. The oxidation properties of this case are just similar to 
those of the previous case. Also here the metric is diagonal. 

6 The root /3i corresponds to an off diagonal element of the internal metric, 

namely belongs to A, while 02,3 correspond to scalars dual to the Kaluza- 
Klein vectors , n namely belong to A^^^ . 

7 The root /3i S B^l, namely it describes an internal component of the B-field. 

The root P2 € BI^I namely it corresponds to a B-field with mixed indices. 
The root /Sa G A^^^ is associated with a mixed component of the metric. 

8 In type IIB theory the roots /3i,2 belong to namely are associated with 

two different components of the internal 4-form, while (33 G A^^^ describes 
a mixed component of the metric. 



8.2 Choice of one embedding example 

As an illustration, out of the above list we choose one example of embedding 
that has an immediate and nice physical interpretation in terms of a brane 
system. We consider the case 4, with a RR generator C^^l and a B-field gener- 
ator respectively associated with /?i^2 and a CW generator associated with the 
composite root Ps. In particular we set: 



/?1 - 


b34 






/?3 - 


^ q3489 



More precisely this corresponds to identifying Pi, 2,3 with the following roots 
of £'8(8) according to their classification given in the appendix: 

Pi ^ a[69] = ei + £2 ^ B34 

/32 ^ a[15] = a[7]+ee + e7 ^ Cgg (8.3) 

p3 ^ Q![80] = a[7] + ei + ei + ee + er ^ C3489 C^567 

where a\7] = { — |, — ^, —5, — |, — |, — |, — ^, —5} is the spinorial simple root of 

^8(8)- 

Next given the explicit form of the two roots 0i ^ a[69] and 02 ^ a[15] we 
construct the 2-dimensional subspace of the Cartan subalgebra which is orthog- 
onal to the orthogonal complement of a[69] and a[15] in M.^. We immediately 
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see that this subspace is spanned by all 8 vectors of the form: 

h = {x,x,y,y,y,-y,-y,y} (8.4) 

so that we find: 

7^" • "a [69] = 2a; ; ~h ■ ~a[l5] = -{x + 3y) (8.5) 

Then we relate the fields x and y to the diagonal part of the ten dimensional 
metric. 

To this effect we start from the general relations between the ten-dimensional 
metric in the Einstein frame and the fields in three-dimensions evaluated in the 
D = 3 Einstein frame, then we specialize such relations to our particular case. 



General relations in dimensional reduction The Einstein frame metric 
in £) = 10 can be written as: 

1^1 .(-^,3) 



^(Einstein) _ / exp[4(/)3 - -^(j)] gl^i,' + G^j A^^ Aj 



Gik A^^ 



(8.6) 



where g'lS''^^ is the three dimensional Einstein frame metric Ij5.1()|l determined by 
the solution of the D = 3-sigma model via equations H5.17|l and Ij5.18l5.19ll . On 
the other hand Gij is the Einstein frame metric in the internal seven directions. 
It parametrizes the coset: 

GL(7,R) _ SL(7,R) 
S0(7) -^^^'^^ ^ S0(7) ^^-^^ 

In full generality, recalhng en.s (l7.3|l we can set f |lin[l35] l: 

G = EE^ ; E=Nn (8.8) 

where, in this case: 

= 6,, (8.9) 

since there are no roots associated with metric generators, while the diagonal 
matrix: 

Hij = exp[cri] 5ij (8.10) 

parametrizes the degrees of freedom associated with the Cartan subalgebra of 
0(1, 1) X SL(7, R). The relation of the fields Gi with the dilaton field and the 
Cartan fields of £^8(8) is obtained through the following general formulae: 

7 



p=i 

7 

*3 = l^-lY.'^P (8.11) 
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4> being the dilaton in D = 10 and 4>3 its counterpart in D = 3. The above 
formula follows immediately from eq. H7.8II 

We also stress the following general property of the parametrization (|8.fill 
for the D = 10 metric: 



V-detGG°" = V-detgg"° (8.12) 

having denoted G the full Einstein metric in ten dimension and g the Einstein 
metric in three dimension. 

Specializing to our example Hence, in our example the ansatz for Gij is 
diagonal 

Gy = exp [2cri] (5y ; i = l,...,7 (8.13) 

and we obtain the following relation between the fields x and y and the diagonal 
entries of the metric and the dilaton: 

(j) = — h ■ ~a\7] = X + y 
3x-y 



0'1,2 
^3,4,5 



4 

4 



5y + X , ^ 

^6.7 = (8.14) 

Calling hi,2 the Cartan fields in the abstract A2 model discussed in chapter |H1 
we have: 

h-Pi = V2hi ; h-p2 = -^hi + ^fihi (8.15) 
so that we can conclude: 



X 



71^1 ; y = -^,h, (8.16) 



We can also immediately conclude that: 

On the other hand the interpretation of is the following. Consider the 
parameter tu^ appearing in the three-dimensional metric determined from the 
sigma model by Einstein equations. It is defined as: 

8 120 
i—l Q— 1 

If we calculate w"^ using the generating solution or any other solution obtained 
from it by compensating H-transformations, its value, which is a constant, does 
not change. So we have: 

^2 _ K,(gen.sol.)|2 



^|^(gen.soi.)|2 (g_,9) 



i=l 
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and in the Ufting of our A2 solutions we can conclude that = uP' . Let 
us calculate this crucial parameter for the case of the non trivial A2 solutions 
discussed above. By means of straightforward algebra we get: 

^2 ^ |^(gen.sol.)|2 ^ |^(gen.sol.)|2 ^ ^ (^2 ^3^2) (g_20) 

Next we turn to the identification of the p-forms. As we will explicitly verify 
by checking type IIB supergravity field equations, the appropriately normalized 
identifications are the following ones: 

-B[2] = kpxifydx-i A dx/^ 
C[2] = ip2it)dxs A dxg 

C[4] = ip3{t)dx3 A dx4 A dxs A dxg + U (8.21) 

where U is the appropriate 4-form needed to make the corresponding field 
strength self dual. 

In this way recalling the normalizations of type IIB field strengths as given 
in appendix we get: 

-P[3]034 = \VI 
-^[3] 089 = \V2 '(t) 
-^"[5] 03489 = 230 ^(*) 

900 933 94,4: gS8 999 

and we recognize that the combination W{t) defined in en. 116. 2811 is just the 
self-dual 5-form field strength including Chern-Simons factors. 



8.2.1 Full oxidation of the A2 solution with only one root 
switched on 

Let us now focus on the A2 solution involving only the highest root (similar 
solutions were obtained in [TTT 11210 [HI IT^ TO ITTIITT^ ITT^ [Train 1 MM 1 HIITTtI 'I. 

namely on eq.s Il6.47|l and Ij6.48ll . Inserting the explicit form of the Cartan fields 
in en.s H8.16|l and then using (|8.14ll we obtain the complete form of the metric 



= -^[0] (t) dt" + r^i|2] [t] {dxi + dxl) + rf3|4] (t) {dxl + dxl) 

+4|6|7] (0 {dxl + dxl + dx^T) + rfsig] {t) {dxl + dxl) (8.23) 
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which is diagonal and it is parametrized by five time dependent scale factors 



r[i\2]{t) = e " V T 



' [3|4] 



(t) = 



e— A/coshi|^ 



'^[51617] W = V T 



^[819] W = r^^ (8-24) 

Wcosh ^ 

We also obtain the explicit form of the dilaton, which turns out to be linear in 
time: 

(P^-^Kt (8.25) 

Calculating the Ricci tensor of the metric (j8.23|l we find that it is also diagonal 
and it has five independent eigenvalues respectively given by: 

(k^ + 9cj2 + k2 coshtui) sech^(^) 



RicQo 
Ricii = Ric22 

Ric33 = Rici4 

Ric55 = RicQQ = Ricfj 



288 

32 

32 



32 B 



-w^sech^f — ) 

Ricss = Ric99 = -. 7=^=r (8.26) 

32 B 

On the other hand inserting the explicit values of scalar fields Ij6.48ll into equa- 
tions II8.21|I we obtain: 

pNS _ n 

F^^f = (8.27) 
pjiji uj dt A dx^ A dx4 A dxg A dxg uj dxi A dx2 A dx^ A dx^ A dxj 
[^1 ^ 1 + coshtw ^ 2 

Considering en.s H8.27|l and H8.25II together the physical interpretation of the 
parameters to and k labeling the generating solution, becomes clear. They are 
respectively associated to the charges of the D3 and D5 branes which originate 
this classical supergravity solution. Indeed, as it is obvious from the last of 
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eq.s Il8.27|l . there is a dyonic D3-brane whose magnetic charge is uniformly dis- 
tributed on the EucUdean hyperplane 12567 while the electric charge is attached 
to the Minkowskian hyperplane 03489. The magnetic charge per unit volume 
is a;/2. With our choice of the A2 subalgebra, there should also be a ZJS-brane 
magnetically dual to an Euclidean ZJ-string extending in the directions 89. In 
this particular solution, where (^1,2 = the F^^^ vanishes, yet the presence of 
the D5 brane is revealed by the dilaton. Indeed in a pure D3 brane solution the 
dilaton would be constant. The linear behaviour Ij8.25|l of (f), with coefficient 
— k/6 is due to the D5 brane which couples non trivially to the dilaton field. 
Such an interpretation will become completely evident when we consider the 
oxidation of the solution obtained from this by a further SO (3) rotation which 
switches on all the roots. This we do in the next section. Then we will discuss 
how both oxidations do indeed satisfy the field equations of type IIB supergrav- 
ity and we will illustrate their physical properties as cosmic backgrounds. 

8.2.2 Full oxidation of the A2 solution with all three roots 
switched on 

Let us then turn to the A2 solution involving all the three nilpotent fields, 
namely to eq.s Hfi.51|l and l|6.52|l . .lust as before, by inserting the exphcit form 
of the Cartan fields in ea.s lj8.1(i|l and then using Ij8.14ll we obtain the complete 
form of the new metric, which has the same diagonal structure as in the previous 
example, namely 



ds^ = -rfo] {t) dt^ + rfi|2] (t) {dxj + dxl) + 4,4] {t) {dxl + dxl) 

+^[51617] (0 {dxl + dxl + dx^,) + rfsig] {t) {dxl + dxl) (8-28) 



now, however, the scale factors are given by: 






(1 + e*'^)' 





^f8|9](^) 



e 



12 



(1 + e*'^)^ 



(8.29) 
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R3-4 




2.5 5 7.5 10 12. 5 15 




Figure 8.1: Plots of the scale factors r^^j , a = 1|2, 3|4, 5|6|7, 8| 9 as functions of 
the cosmic time t = t(T) in the case of the choice of parameters lo — 1, k — 0.5 
and for the A2 solution with only the highest root switched on. 



and the dilaton is no longer linear in time, rather it is given by: 



ft ^) - 3 log(l + e*") + 3 log(l + e*" + e^) 



Calculating the Ricci tensor of the metric H8.28I8.29|I we find it diagonal with 
five different eigenvalues, just as in the previous case, but with a modified time 
dependence, namely: 



Ricn 



576 {l + e*'^f (l + et'^ + e^^^y 
[l + e"^y (4 + 8e*'^+4e2*'^ + 23e^^+e*(''+'^)+23e^^'^) 



-6e 2 



9 (Se*'^ + 16 6^"^ + 8e^'" + 3e^^ +e*(«+'^) + iOe^(^+^-^) 



+17 e— 2 — +e'i^+3'^) + ne—2 — 



3e- 



.31a) 
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Figure 8.2: Plots of the scale factors r^^j, a = 1|2 , 3|4 , 5|6|7 , 8|9 as functions 
of the cosmic time t — t{T) in the case of the choice of parameters = 0, k = 1 
and for the A2 solution with only the highest root switched on. 




Figure 8.3: Plots of the scale factors r^^j , a = 1|2 , 3|4 , 5|6|7 , 8|9 as functions 
of the cosmic time t = t(T) in the case of the choice of parameters uj — 1, k — 
and for the A2 solution with only the highest root switched on. 
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Ricii — Ric22 



(e 2 _ [^)^ + 8e 2 + 



+4 e* + e'^' (k + co)2 + e^^^ (3 _ 3 + 11 c^^^ 



+6^^ (3 + 2 K w + 11 w^)^ 



(8.31b) 



Ric33 = RiCii 



t fi-6 + 6 



64 e- 



i ^ (1 + e*'^)'^ 1 + 6*^^ + 6^-^ 



{n + uf + e'*"^''"' (3 - 2^0; - 21 cj^) 



+e" 



(3^2 + 2kw- 21t^2) (8.31c) 



-Ric55 = Ricqq = Ricjr 



64 



(1 + e*-)' ( 



1 + e*" + e — ^ 



e 5 (k - w)"^ + 8 e~ + 16 e~ + 8 e~ 



{3k^ + 2KUJ + llcj2) + 



(8.31d) 



RiCs8 = RiC99 = - 



64 (1 + e*'^)^ (1 + e*" + e^"'^ 



3e 5 (k - tj)^ + 8 e~ + 16 e~ uj^ + 8 e~ u>^ 



- 4 e* (''+'^) + e^^^ (-3 « + u;)^ + 3 (« + c.)^ + e^^^ (3 k + c.)^ 



(8.31e) 



On the other hand inserting the explicit values of scalar fields Hfi.52|l into 
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equations Ij8.21|l we obtain: 

F^^f = -^ujsech^^dt A ^2:3 A dx4 (8.32a) 
Fr5^ = '—^ dt A dxs A dxg (8.32b) 



(l + e* 



2 1 + e*'^ + e" 



7^ R R e* " w A c?X3 A c?X4 A dxs A dxg 

j'r"?; = 7 . — uidxi A A dx^ A aa;6 A aa;7 

" (1 + e*-) (^l + e*- + e^^J 

(8.32c) 

This formula completes the oxidation also of the second sigma model solution 
to a full fledged D = 10 type IIB conflguration. As expected in both cases 
the ten dimensional fields obtained by oxidation satisfy the field equations of 
supergravity as formulated in the appendix. We discuss this in the next chapter. 

8.2.3 How the supergravity field equations are satisfied 
and their cosmological interpretation 

Taking into account that the Ramond scalar Co vanishes the effective bosonic 
field equations of supergravity reduce to: 

= i(e-^F3^^A*F3^^-e*i^3««A*F3^«) (8.33) 

= Fi^'^ Ai^Fi^^ (8.34) 

d(e-^F3^^) = -F3^«A^F«^ (8.35) 

d(e*F3««) = i^3^^A*i^5«« (8.36) 

d(*i^3««) = -F3^^AF3^« (8.37) 

—2RicMN = Tmn (8.38) 

where the reduced stress energy tensor Tmn is the superposition of two contri- 
butions that we respectively attribute to the D3 brane and to the i?5-brane, 
namely: 

rfi _ rfilDS] rfilD5] /„ qO^ 

J-MN - J-MN+-'-MN (8.39j 

flf^l EE 150F[5]M.-F[5]N (8-40) 



rplD5] 

^MN 



\dMVdMV + 9 (e-^F[^i.. F^%% •• + e^F[f]« -) 
-\9MN (e--F^{^.F^,^- + e-F««.F[ff-) (8.41) 

By means of laborious algebraic manipulations that can be easily performed on 
a computer with the help of MATHEMATICA, we have explicitly verified that 
in both cases, that of chanter [8 . 2 . II and that of chaDter r8.2.2l the field ea.s ()8.33ll - 
Ij8.38ll are indeed satisfied, so that the oxidation procedure we have described 
turns out to be well tuned and fully correct. 
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Figure 8.4: Plots of the energy densities in the case of the choice of parameters 
a; = 1, K = 0.5 and for the A2 solution with only the highest root switched on. 
The first picture plots the total density p*°*(r). The second picture plots the 
ratio p'*^(t)/p*°*(t) and the third plots the ratio p'^^ (r) / p"^^ (t) 




Figure 8.5: Plots of the pressure eigenvalues P[a], a = 1|2, 3|4, 5|6|7, 8|9 as 
functions of the cosmic time t — t{T) in the case of the choice of parameters 
uj = \, K = 0.5 and for the A2 solution with only the highest root switched on. 



In order to enlighten the physical meaning of the type IIB superstring back- 
grounds we have eventually constructed it is worth to analyze the structure of 



144 



Oxidation of the A2 solutions 



the stress energy tensor. First, reintroducing the missing traces we define: 

^MN - ^MN ~ 2 9MN -Lrs 9 

rp[D5] _ ^[D5] 1 ^[D5] RS 

^MN - ^MN ~ 2 9MN -Lrs 9 

rptot rplDS] rplD5] /„ 

^MN — ^MN^-'-MN 

It turns out that the stress energy tensors are diagonal, just as the metric, and 
have the form of a perfect fluid, but with different pressure eigenvalues in the 
various subspaces. Indeed we can write: 

rptot, D3,D5 ^ tot,D3,D5 

J 00 — 500 P 

T^oM^^ = -g.^j^Pa'-'''^''' (8.43) 
where a denotes the four different submanifolds extending in directions: 

a = 1|2, 3|4, 5|6|7, 8|9 (8.44) 
We can now analyze the specific properties of the two example of solutions. 

8.2.4 Properties of the solution with just one root switched 
on 

In the case of the time dependent background described in chapter II8.2.1|I and 
obtained by oxiding the solution Ij6.48ll we obtain for the energy densities: 



(1 + e*")"K^ + 9e*"u;^ 
*v'T^+'^'(l + e*-')^y^cosh^ 



ptot 



/3 



36 e 



cosh5 if 

^2 



P"' = , (8-45) 



for the total pressures: 



Tjtot 

^\\2 



36e*V%+-' , /cosh if 



+ + cosh tuj 



144eV '#+'^' cosh^ ^- 



Tjtot 



Tjtot 

^5\6\7 



e*\ \/ 3 y (^2 _ ^_ ^2 coshiw) 



36(l + e*'^)^^cosh^ 
QtJ^ + cosh tcj 



144eV 



cosh 2 ^ 



e*(" ^ ' ) (k2 _ 9t^2 _^ ^2 coshtLu) 

Pm = 1= (8-46) 

36 (1 + e*'^)^ Jcosh *f 
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for the pressures associated with the D3 brane: 

,2 



P-D3 
^1|2 



P-D3 
^3|4 



pD3 
^5\6\7 



-LU 



16e*Vir+'^ cosh*^ 

0.2 



16 e*^ '#+'^' cosh^ ^ 



16 e*^ '^+"'cosh^ ^ 

^2 



^81? - ^ (8-47) 



16e'V cosh^ if 

and for the pressures associated with the D5 brane: 

pD5 _ 

M|2 



72e*^'r+'^' y^cosh ^ 



P-D5 _ 



n|6|7 



72 6^4+"' ^cosh^ 



P^g' = , (8-48) 



72 e*V%+"' Jcosh^ 



As we see from its analytic expression the total energy density is an exponentially 
decreasing function of time which tends to zero at asymptotically late times 
(i 1-^ oo). What happens instead at asymptotically early times {t i-^ — oo) 
depends on the value of k. For k = we have limt^^_oo p*'°^[t) — 0, while for 
K 7^ we always have Imit^^ao P*°*'{t) — oo. This is illustrated, for instance, 
in figs. (8) and (10). This phenomenon is related to the presence or absence of 
a D5 brane as it is evident from eq.s Ij8.45ll which shows that the dilaton-{D5) 
brane contribution to the energy density is proportional to and it is always 
divergent at asymptotically early times, while the D3 brane contribution tends 
to zero in the same regime. 

We also note, comparing ea.s lj8.48|l with ea.s lj8.47|l that the pressure con- 
tributed by the dilaton-D5-hrane system is the same in all directions 1-9, while 
the pressure contributed by the D3-brane system is just opposite in the direc- 
tion 3489 and in the transverse directions 12567. This is the origin of the cosmic 
billiard phenomenon that we observe in the behaviour of the metric scale fac- 
tors. Indeed the presence of the D3-brane causes, at a certain instant of time, 
a switch in the cosmic expansion. Dimensions that were previously shrinking 
begin to expand and dimensions that were expanding begin to shrink. It is like 
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Figure 8.6: Plot of the energy density as function of the cosmic time t = t{T) 
in the case of a pure D3 brane system, namely for the the choice of parameters 
a; = 1, K = and for the A2 solution with only the highest root switched on. 

a ball that hits a wall and inverts its speed. In the exact solution that we have 
constructed through reduction to three dimensions this occurs in a smooth way. 
There is a maximum and respectively a minimum in the behaviour of certain 
scale factors, which is in relation with a predominance of the DS-brane energy 
density with respect to the total energy density. The cosmic fS-brane behaves 
just as an instanton. Its contribution to the total energy is originally almost 
zero, then it raises and dominates for some time, then it exponentially decays 
again. This is the smooth exact reahzation of the potential walls envisaged by 
D amour et al. 

To appreciate such a behaviour it is convenient to consider some plots of 
the scale factors, the energy densities and the pressures. In order to present 
such plots we first reduce the metric ()8.2^-{|l to a standard cosmological form, by 
introducing a new time variable r such that: 

r[o] (t) dt = dr (8.49) 

Exphcitly we set: 

T = [ r[o]it)dt (8.50) 

and inserting the exphcit form of the scale factor rjoj {t) as given in eq. H8.24II we 
obtain: 



iT) = 



42* 



2F1 



+ 



1 7 

" 4' 8 



2uj 



,-1 



1 7 

" 4' 8 



5.51) 



which expresses r in terms of hypergeometric functions and exponentials. 

In fig. lj8.ip we observe the billiard phenomenon in a generic case where both 
parameters lj and k are non vanishing. Since the value of uj can always be 



Choice of one embedding example 



147 



rescaled by a rescaling of the original time coordinate t, we can just set it to 1 
and what matters is to distinguish the case lu ^ where the D3 brane is present 
from the case uj = corresponding to its absence. Hence fig. ll8.1|l corresponds 
to the presence of both a DS-brane and a dilaton-D5-hrane system. A very 
different behavior occurs in fig. lj8.2p where w = 0. In this case there is no bilhard 
and the dimensions either shrink or expand uniformly. On the other hand in 
fig.H8.3|l we observe the pure billiard phenomenon induced by the DS-hrane in 
the case where no dilaton- D5-hrane is present, namely when we set k — 0. In 
this case, as we see, the parallel directions to the Euclidean Z?3-brane, namely 
3489 have exactly the same behaviour: they first inflate and then they deflate, 
namely there is a maximum in the scale factor. The transverse directions to 
the D3 brane 567 have the opposite behaviour. They display a minimum at the 
same point where the parallel directions display a maximum. In all cases the 
directions 12 corresponding to the spatial directions of the three dimensional 
sigma model world suffer a uniform expansion. 

Let us now consider the behavior of the energy densities. In fig. ll8.4|l we 
focus on the mixed case lo = 1, k = 0.5 characterized by the presence of both 
a D3 brane and dilaton-D5-hraiie system. As we see the total energy density 
exponentially decreases at late times and has a singularity at asymptotically 
early times. This is like in a standard Big Bang cosmological model with an 
indefinite expansion starting from an initial singularity. Yet the ratio of the 
D3 energy with respect to the total energy has a maximum at some instant of 
time and this is the cause of the billiard phenomenon in the behaviour of the 
scale factors respectively parallel and transverse to the D3 brane itself The two 
contributions to the energy density from the D3-brane and from the dilaton have 
the same sign and the plot of their ratio displays a maximum in correspondence 
with the bilhard time. With the same choice of parameters w = 1, k = 0.5 the 
physical behavior of the system can be appreciated by looking at the plots of 
the pressure eigenvalues. They are displayed in fig. (l8.5|l . We observe that the 
pressure is negative in the directions transverse to the D3 brane 12 and 567. 
Slowly, but uniformly it increases to zero in these directions. In the directions 
parallel to the brane the pressure is instead always positive and it displays a 
sharp maximum at the instant of time where the billiard phenomenon occurs. 

For a pure D3 brane system, namely for k — and uj — 1 the energy density 
starts at zero, develops a maximum and then decays again to zero. This can be 
seen in fig. H8.6|l . The plot of the pressures is displayed, for this case in fig. ll8.7|l . 
In this case the pressure in the directions transverse to the brane, i.e. 12567 is 
negative and it is just the opposite of the pressure in the directions parallel to 
the brane, namely 3489. This behavior causes the corresponding scale factors 
to suffer a minimum and a maximum, respectively. 
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Figure 8.7: Plots of the pressure eigenvalues P[a], a — 1|2, 3|4, 5|6|7, 8|9 as 
functions of the cosmic time t = t{T) in the case of the choice of parameters 
a; = 1, K = and for the A2 solution with only the highest root switched on. 
This case corresponds to a pure D3 brane system. 



8.2.5 Properties of the solution with all roots switched on 

Let us now discuss the properties of the second solution where all the roots have 
been excited. In cha,nter l8.2.2l we considered the oxidation of such a sigma model 
solution and we constructed the corresponding D = 10 supergravity background 
given by the metric (18.281 18.29|l and by the field strengths (I8.;i2|l . Looking at 
eq.s Ij8.82ll we see that the interpretation of the parameter uj is still the same as 
it was before, namely it represents the magnetic charge of the dyonic D3-brane. 
At w = the ZJS-brane disappears. Yet it appears from eq.s 118.3211 that there is 
no obvious interpretation of the parameter k as a pure ZJS-brane charge. Indeed 
there is no choice of k which suppresses both the NS and the RR 3-form field 
strengths. 

Following the same procedure as in the previous case we calculate the energy 
density and the pressures and we separate the contributions due to the £'3- 
brane and to the dilaton-D5-hrane system. After straightforward but lengthy 
algebraic manipulations, implemented on a computer with MATHEMATICA 
we obtain: 



„d3 



4e 



(1 
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192 + 1 + e 



+ (4 + 8e*'^+4e2*'^ + 20e^^ +6*^''+'^) +20e-^ 

+3 (S + 3 e* (''+'^) + 26 e* ('^+2 + 24 g^^^^ 

+3e*(''+^'^) +24 6^^"^ +i 
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plot 



e 



192 (1 + e*'^)' (^1 + e*'^ + e^-T^) * 
[l + e^'^y (4 + 8 6*^^+4 62*^^ + 20 6^^+6* + 20 6^^"^) k 
-6e^ (-1 + 62*") /g^ggt^^gil^ 



3 ( 166*"' + 3262*"' + 16 6''^*"' + 8 6^^ +3e*(''+'^) 



+26 6* ('^+2"') +40 6^-^ — + 3 e* (''+3-^) +40 6^-^ +8 6^^ 



.52c) 



We see from the above formulae that the energy density contributed by 
the D3-brane system is proportional to oj^ as before and vanishes at uj ~ 0. 
However there is no choice of the parameter k which suppresses the dilaton- 
Z35-contribution leaving the Z33-contribution non-zero. 

The pressure eigenvalues can also be calculated just as in the previous ex- 
ample but the resulting analytic formulae are quite messy and we do not feel 
them worthy to be displayed. It is rather convenient to consider a few more 
plots. 

Just as in the previous case we define the cosmic time through the formula 
H8.5r)ll . In this case, however, the integral does not lead to a closed formula in 
terms of special functions and we just have an impHcit definition: 



T 



(T) = / 6 ^ (1 + 6*")^ (l + 6*'" + 6^^)'di (8.53) 



Let us now observe from eq.s II8.29|I . H8.32II that there are the following 
critical values of the parameters: 

1 For uj = Q and k 7^ there is no DS-brane and there is just a D-string dual 

to a D5-brane. 

2 For K = ±1 w the scale factor in the directions 34 tends to a finite asymptotic 

value respectively at very early or very late times. 
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Figure 8.8: Plots of the scale factors r^^j, a — l\2 , 3|4 , 5|6|7 , 8|9 as functions 
of the cosmic time t — t{T) with the parameter choice uj = 0, k = 3/2 and for 
the A2 solution with all the roots switched on. 




Figure 8.9: Plots of the pressure eigenvalues P[a], 01 = 1|2, 3|4, 5|6|7, 8|9 as 
functions of the cosmic time t — t{T) with the parameter choice = 0, k = 3/2 
and for the A2 solution with all the roots switched on. 



The plot of the scale factors for the choice w = 0, k = 3/2 is given in fig. lj8.8ll 
As already stressed, this a pure ZJ-string system and indeed the billiard 
phenomenon occurs only in the directions 89 that correspond to the euclidean 
D-string world-sheet. In all the other directions there is a monotonous behavior 
of the scale factors. The I?-string nature of the solution is best appreciated by 
looking at the behavior of the pressure eigenvalues, displayed in fig. H8. 911 

As we see the positive bump in the pressure now occurs only in the Z?-string 
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Figure 8.10: Plot of the energy density as function of the cosmic time t = t{T) 
with the parameter choice uj — 0, k — 3/2 and for the A2 solution with all the 
roots switched on. 




Figure 8.11: Plots of the scale factors r^^j , a = 1|2, 3|4, 5|6|7, 8|9 as functions 
of the cosmic time t — t{T) with the parameter choice uj — I, hi — Q.% and for 
the A2 solution with all the roots switched on. 

directions 89, while in all the other directions the pressure is the same and 
rises monotonously to zero from large negative values. The pressure bump is in 
correspondence with the billiard phenomenon. The energy density is instead a 
monotonously decreasing function of time (see fig. ll8.1()l l). 

An intermediate case is provided by the parameter choice a; = 1, k = 0.8 < 
3/2. The plots of the scale factors are given in fig. H8.11|l 

The mixture of and D5 systems is evident from the pictures. Indeed 
we have now a billiard phenomenon in both the directions 34 and 89 as we 
expect from a Z33-brane, but the maximum in 34 is much sharper than in 89. 
The maximum in 89 is broader because it takes contribution both from the DZ 
brane and from the Z?-string. 

The phenomenon is best appreciated by considering the plots of the pressure 
eigenvalues (see figs. Il8.12|l l and of the energy density (see figs. II8.13|| V In the 
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Figure 8.12: Plots of the pressure eigenvalues P[a], a — l\2 , 3|4, 5|6|7, 8|9 as 
functions of the cosmic time t — t(T) with the parameter choice a; = 1, k = 0.8 
and for the A2 solution with all the roots switched on. 

pressure plots we see that there is a positive bump both in the directions 34 
and 89, yet the bump in 89 is anticipated at earlier times and it is bigger than 
the bump in 34, the reason being the cooperation between the il'3-brane and 
D-string contributions. Even more instructive is the plot of the energy densities. 

In fig. ll8.13|l we see that the energy density of the Z?3-brane has the usual 
positive bump, while the energy density of the dilaton-D-string system has a 
positive bump followed by a smaller negative one, so that it passes through zero. 

At the critical value k = |w something very interesting occurs in the be- 
haviour of the scale factors. 

As we see from fig. ll8.14| l. the scale factor in the direction 34, rather than 
starting from zero as in all other cases starts from a finite value and then always 
decreases without sufi^ering a bilhard bump. The bump is only in the scale 
factor 89. Essentially this means that the positive energy of the D3 brane and 
the negative one of the Z?-string exactly compensate at the origin of time for 
these critical value of the parameters. 

8.2.6 Summarizing the above discussion and the cosmo- 
logical billiard 

Summarizing what we have learned from the numerical analysis of the type 
IIB cosmological backgrounds obtained by a specific oxidation of the A2 sigma 
model solutions we can say what fohows. 

The expansion or contraction of the cosmological scale factors in the diag- 
onal metric is driven by the presence of euclidean £)-branes which behave like 
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Figure 8.13: Plots of the energy densities as functions of the cosmic time t = 
t{T) with the parameter choice uj = 1, k — 0.8 and for the A2 solution with 
all the roots switched on. The first picture plots the behaviour of the total 
energy density. The second plots the ratio of the D3-brane contribution to the 
energy density with respect to the total density. The third plots the ratio of 
the D3-brane contribution with respect to the contribution of the dilaton D5- 
brane system. The fourth and the fifth picture plot the energy density of the 
D3-brane and of the dilaton-D-string systems, respectively. 

instantons (S-branes). Their energy-density and charge are locahzed functions 
of time. Alternatively we see that these branes contribute rather sharp bumps 
in the eigenvalues of the spatial part of the stress-energy tensor which we have 
named pressures. Typically there are maxima of these pressures in the space di- 
rections parallell to the euclidean brane world-volume and minima of the same 
in the directions transverse to the brane. These maxima and minima in the 
pressures correspond to maxima and minima of the scale factors in the same 
directions. Such inversions in the rate of expansion/contraction of the scale 
factors is the cosmological billiard phenomenon originally envisaged by Damour 
et al. In the toy A2 model we have presented, we observe just one scattering, 
but this is due to the insufficient number of branes (roots in the Lie algebra 
language) that we have excited. Indeed it is like we had only one wall of a Weyl 
chamber. In subsequent publications we plan to study the phenomenon in more 
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Figure 8.14: Plots of the scale factors r^^j, a = 1|2 , 3|4 , 5|6|7 , 8|9 as functions 
of the cosmic time t — t{T) with the critical choice of parameters a;=l,K = 3/2 
and for the A2 solution with all the roots switched on. 

complex situations with more algebraic roots switched on. What is relevant in 
our opinion is that we were able to see the postulated humping phenomenon 
in the context of exact smooth solutions rather than in asymptotic limiting 
regimes. 

8.3 Conclusions and perspectives 

In 02] we developed a convenient mathematical framework within three dimen- 
sional (ungauged) maximal supergravity where to study homogeneous cosmo- 
logical solutions of type II A or II B theories. Our approach exploited the cor- 
respondence between homogeneous time-dependent solutions in ten and three 
dimensions. This mapping was realized through toroidal dimensional reduction 
from = 10 to -D = 3 or through oxidation from Z? = 3 to Z? = 10. The 
starting point of our study was the Eg(8) orbit described by three dimensional 
homogeneous solutions and we defined the precise method for constructing a 
generic representative of the orbit from the generating solution which is defined 
only by the radii of the internal seven-torus and the dilaton. Exploiting the 
solvable Lie algebra (or Iwasawa) representation of the scalar manifold in the 
three dimensional theory it was possible to control the ten dimensional inter- 
pretation of the various bosonic fields. This allows for instance to construct 
a ten dimensional solution characterized by certain (off-diagonal) components 
of the metric or of the tensor fields by oxiding a three dimensional solution 
in which the scalar fields associated with the corresponding Egjg) roots are 
switched on. As an example we worked out in three dimensions the general 
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homogeneous time-dependent solution of an A2 model in which the scalar fields 
span a SL(3, R)/S0(3) submanifold of E8(8)/SO(16). It was shown that, de- 
pending on the embedding of SL(3, R) within Eg(8) the ten dimensional solution 
obtained upon oxidation of the three dimensional one can have radically differ- 
ent physical interpretations in terms of ten dimensional fields. We then focused 
on one particular embedding for which the axionic fields are interpreted as the 
components -834, Cgg and C3489 of the type II B tensor fields, and accomplished 
the oxidation of the solution to ten dimensions. Its behavior, which has been 
described in detail in the previous section, is characterized by an exchange of 
energy between the tensor fields and the gravitational field which results in con- 
secutive phases of expansion and contraction of the cosmological scale factors 
along the directions defined by the non vanishing components of the tensor fields 
. This background could be interpreted microscopically in terms of a system 
of space-like or S-branes (or SD-branes) ^Hl along the directions 89 and 3489, 
coupled to the Kalb-Ramond field. It is interesting to make contact with the 
cosmological billiard phenomenon describing the behavior of solutions to Ein- 
stein equations near space-like singularities. In this limit the evolution of the 
scale-factors/dilatons is described by a null trajectory in a hyperbolic space 
which is refiected by walls or hyper-surfaces where the energy density of the 
axionic fields diverges. Although ours is a different kind of analysis which aims 
at the construction of exact smooth cosmological solutions, we may retrieve a 
similar qualitative description of the evolution of the scale-factors/dilaton in 
relation to the evolution of the axionic fields. In our formalism the logarithm 
(Ti of the scale factors associated with the internal directions together with the 
ten dimensional dilaton are described by the vector h{t) in the Euclidean 
eight-dimensional space of the Egj-g) Cartan subalgebra. The kinetic term of 
an axion x associated with the positive Egfg-) root a contains the characteristic 
exponential factor exp (—2 a • h). The corresponding wall in the space of h is 
defined by the equation a ■ h — and the billiard region by a • ft. > 0. As it can 
be inferred from our solution, the evolution of h{t) is such that, if we denote 
by ft." the component of h along a and by h-^ its projection on the hyperplane 
perpendicular to a (the wall) , as the energy density of x reaches its maximum 
(this temporal region corresponds to the thickness of the S-branes in the A2 
solution) h undergoes a refiection. This is most easily illustrated for example 
in the A2 solution with just one root switched on (namely a [80]). In this case 
the component of h parallel to a [80] undergoes a continuous sign inversion from 
negative values to positive ones while is constant and proportional to the 
time derivative of the dilaton : 



/i" ^ -A" ; \h^\ = — oz (j) = const. (8.54) 
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The roots in the A2 system are not enough to define a finite volume bil- 
Hard which would result in an oscillatory behavior of the solution. Indeed, 
using for h the parametrization in terms of the variables x, y, namely h = 
{x,x,y,y,y,—y,—y,y\, the billiard region is defined by the dominant walls 
a[69] • /i = 0, a[15] -h^Q: 

X > 0; 2/<-| (8.55) 

which is an open region. This explains the Kasner-like (non-oscillatory) behav- 
ior of our solution for t +00. 

More general ten dimensional homogeneous solutions deriving from the cou- 
pling of gravity with purely metric 10 dimensional backgrounds were analized 
by some of the authors of [IHI in |118| . in which they addressed the related 
question to define how many independent orbits of cosmological solutions there 
are under the action of the [/-duality group. 

In particular, exploiting first the classification of all the possible regular 
embeddings Gr ^ Es,r < 8 subalgebras, then the classification of the Weyl 
orbits of the root system within the Eg root system, the authors proved 
that all regular embeddings of each Ar subalgebras inside i?8(8) f^ill into a single 
Weyl orbit, with the exception of Ar, which falls into two distinct one. 

They chose a purely metric canonical representative embedding of the A2 
sigma model, then oxided the three-dimensional solutions found [IHI and even- 
tually studied their geometrical and physical properties. The simplest solution, 
which has only the highest of the three roots associated to nihilpotents fields 
switched on and the fundamental parameter k set to zero, provides an exact 
example of Bianchi type 2A metric in four dimensions. Moreover, the solution 
with K leads to a nontrivial evolution of the scale factor in the fifth dimen- 
sion which, after a Kaluza Klein reduction can be reinterpreted as a Bianchi type 
2 A metric with scalar matter content. The same holds for the solutions with 
all the roots switched on: they produce further examples of type 2A Bianchi 
cosmologies with scalar and vector matter contents. 

All these solutions are homogeneous but not isotropic, and they show the 
peculiar cosmological billiard feature. 

A concrete step towards the understanding of billiard dynamics has been 
done in jll9| . The main investigation in this sense would involve derivation of 
exact solutions directly inaD = 2oriI' = l context where Kac-Moody sym- 
metries become manifest. Although the appearance of Kac-Moody extensions 
is algebraically well established, their exploitation in deriving solutions is not 
as clear as the exploitation of ordinary symmetries. In the authors try to 

clarify the field theoretical reahzation of the Kac-Moody extensions, this being 
the prerequisite for their utilization in deriving billiard dynamics. In particular 
they have shown that there is a general mechanism underlying the affine Kac- 
Moody extension of the D=3 algebra Ud=3 when stepping down to D = 2 and 
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that this mechanism follows a general algebraic pattern for all supergravity the- 
ories, independently of the number of supercharges Nq. This mechanism relies 
on the existence of two different reduction schemes from D = Ato D = 2, respec- 
tively named the Ehlers reduction and the Matzner-Missner reduction, which 
are non locally related to each other. Nicolai observed this phenomenon time 
ago in the case of pure gravity (or better of N=l pure supergravity) |ED| and 
showed that one obtains two identical lagrangians, each displaying an SL(2,R) 
symmetry. The fields appearing in one lagrangian have a non local relation to 
those of the other lagrangian and one can put together both SL(2,]R) algebras. 
One algebra generates local transformations on one set of fields the other alge- 
bra generates non local ones. Together the six generators of the two SL(2,IR) 
provide a Chevalley basis for the Kac-Moody extension SL(2,K)^ namely for 
A^. The analysis in is an extension of the argument by Nicolai. For a 

generic supergravity theory, the two reduction schemes Ehlers and Matzner- 
Missner lead to two different lagrangians with different local symmetries. The 
first is a normal a-model the second is a twisted a-model. The authors discuss 
in detail the symmetries of both theories, thus writing down a precise field the- 
oretic realization of the affine symmetries setting the basis to exploit them in 
biUiard dynamics. 
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Appendix A 

Projection of generalized 
Langland's boundary states 



This appendix contains a careful computation of the projection of generaHzed 
Langlands boundary states H2.58|l and H2.59II on the constraints in equation 
Ij2.(i2ll . DeaHng with the compactified boson, the only chiral fields involved be- 
sides Virasoro fields are the holomorphic and antiholomorphic currents J(C) J(C) 
generating the Heisenberg algebra II2.35|I . Being the current algebra abelian, the 
possible gluing maps reduces to: 

J(C) = J(C) (A.la) 
J(C) = - J(C) (A.lb) 

which, trought radial quantization, are respectively mapped into 

(a„ + a_„) = 0, (A.2a) 
(a„ - a_„) = 0. (A.2b) 

The Sugawara construction Ij2.(ill ensures that this conditions are sufficients 
to enforce conformal invariance encoded in Ij2.14ll . 

To work out the projection of ljA.2|l over Generalized Langlands boundary 
states. It is convenient to introduce, for each given n > 1, the auxihary states 

(a" )"^^ (a" V"^ 

mi, 7712 

(one defines similarly the states '^{f_i ^)i^l^k))^ associated with 



From condition IIA.2bll (for n = 0) we get 



—a 



0. (A.4) 
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Projection of generalized Langland's boundary states 



which selects, at a generic value of the ratio -^^py, the highest weight state 



I(m",o)) 



(A.5) 



i.e. the winding number does not contribute to the left and right momenta 
associated with this Verma module 



a^|(M",0)) = 0)) 



(A.6) 



a^|(M",0)) = J, 0)) 
Similarly, the constraint IIA.2a,|l provides the condition 



(A.7) 



which selects, at generic value of the ratio ^Iq.^ , the highest weight state: 



1(0,^")) = 



such that 



1(0, z.")) = i,."«l|(0,z.")) 



(A., 



(A.9) 



2" L 

Before considering the conditions (|A.2ll for n 7^ 0, let us impose the condi- 
tion projecting the 



r"^ ^){S^i^i^s^)\ into an actual physical state: 



H " — IT 



r(,,.)(^S)))=0 



From the commutation relation 
one computes 



(A.IO) 



(A.ll) 



Lq Lq 



(A.12) 



n— 1 mi ,m2 



which, together with the U{1) constraints, (implying that ^"i^" — 0), shows 
that the physical states are characterized by the further requirement 



nil = 7712- 



For j 0, the action of the operators a" on the boundary states 



is non-trivial when j > 0, and it can be worked out by considering the auxiliary 
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states 



["^ I/) i^e{k)^/ ^'-'^ each value of n > 1. In detail, let us consider the state 
trivial on m = 0), 



'o^ I') '''^e(fe^) V ' (^^^^ "^1 ^ = m > 1; the action of the annihilator a" being 



= E 



jm-l(^ - 1)! 



From the definition of A:^j, and the following recursion relation for Laguerre 
polynomials 



we get 



Inserting this latter into l|A.13p provides 



(A.14) 
(A.15) 



m — 1 /_rv \ m— 1 



j™-i(m - 1)! 

from which it immediately follows that the Neumann condition 

(N) 



(A.16) 



requires s € Z and L„j^(4j|a"p) — 0, a" = Vj, whereas for the 



Dirichlet condition 



{D) 



we need s E and a" = Vj. Since AJJj(a" = 0) = e 



(A.17) 



27rms\/— 1 



and 



exp(i(a^^„)(r„)), seZ 
exp(-i(a^„)(r„)), seiZ 



(A.18) 



the corresponding boundary states are provided by 



(D) 



e^^*+'^°'«° exp 



(a^„)(a^„) I(m",0)), (A.19) 
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Projection of generalized Langland's boundary states 



and 

(N) / °° 1 \ 

^"(^ew)) = exp ( E -- {a--n) (a'^J j 1(0,..")) . (A.20) 

Note that (up to the weighting factor in IIA.2flll l these states are nothing but the 
Dirichlet and Neumann Ishibashi states associated with the free bosonic field 
X"(fc)|_ on the circle S^T^y 



Appendix B 



Conformal properties of 
Boundary Insertion Operators 

Boundary Insertion Operators live on the ribbon graph, thus their interactions 
are guided by the trivalent structure of F. In this appendix we report an exhaus- 
tive analysis which shows that this structure allows to define all fundamental 
coefficients weighting the self-interaction of boundary insertion operators. Two 
points functions are well defined on the edges of the graph, while OPE coef- 
ficients naturally defines the fusion of different boundary insertion operators 
interacting in N2{T) tri-valent vertexes of F. Moreover, we can define a set of 
sewing constraint these coefficients must satisfy. Remarkably, these constraints 
are perfectly analogues to the sewing constraint introduced in for boundary 
conditions changing operator, thus enforcing the analogy between these latters 
and BIOs. 

Due to their CVO analogue structure, we are able to specify the conformal 
properties of these operators. BIOs are primary operators of the boundary chiral 
algebra, thus they have a well-defined conformal dimension which, in this case, 
coincide with the highest weight of the V\{p,q) module of the U{1) (Virasoro) 
algebra: 

H{p,q) = \\(p,qf (B.l) 
As usual, the conformal invariance fixes to zero the one point function: 

(^/it'"^) = (B.2) 

while, for the two-points function, it is a priori possible to construct two types of 
correlators between BIOs which mediate the changing in boundary conditions 
between the two adjacent cylinder A*!-^^ and A*^^.j:a first one will correlate 
two operators which both mediate the changing in the "p-to-g" direction (or, 
equivalently, which mediate both the changing in the "g-to-p" direction). The 
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Conformal properties of Boundary Insertion Operators 



B(q) A(p) 
^^(P.q) 



A(p) 



B(q) 



C(p) 



B(q) A(p) 
Va(p,q) 







,.,( 















D(q) \D(q)C(P) 




D(q) ;-c(P)D(q) 
A,(q.p) 



Figure B.l: Two-point functions 



second type will correlate two BIOs which mediate one in the "p-to-g" direction 
and the other in the "g-to-p" one (see figure IBJI . 

The former situation, depicted in figure lRlk . leads to: 



Cip)Diq), 



uB{q)A(p) 



\xi{p,q) - a:2(p,g)|2^^(P.9) 



(B.3) 



Note that the Kronecker delta function is used to let the two boundary 
conditions on the same oriented edge of the strip to be compatible. In the usual 
BCFT boundary fields correlators, the two fields are taken to perform two serial 
switch in boundary condition, and this leads to a different equalities between 
boundary conditions indexes. Here, however, the two operators act in a parallel 
way, and this justifies our choice for delta functions. 



Obviously, the second situation, depicted in figure iBTTb . leads to the same 
result because of transformation law H3.11|l : 



Cip)Diq), 



,B(q)A(p). 

^A(p,g) "A(p,g)A'(p,g) 



SA{p)C{p)gB{q)D{q) 



\xi{p,q) - a;2(p,(7)|2^(P^9) 



(B.4) 



To analyze the conformal properties of BIOs and define completely the equiv- 
alence between them and usual boundary operators in CFT, let us consider 
what happens in each vertex of the underling triangulation (the situation is the 
one depicted in figure lR2l . Let us consider the generic vertex of the triangula- 
tion p'^(p, (?, r) and its uniformizing neighborhood unit disk pO{j,^q^r) i ^^Vi '')) • 
The BIOs are well defined on the disk because of the transition functions defined 
in (|1.3n|l . The vertexes of the triangulation are the natural point in which to 
define the fusion between BIOs coming from different edges via their OPE. 



Let us take three points in an e-neighborhood of the vertex w = 0, denoting 
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B(q) 



A(p) PW 



A(p) P'fp) 



A(p) P^P> 




Figure B.2: Two-point functions 



with 



■ e 6 e C/„o 



n [/, 



their coordinates, and let us focus our attention the three fields ■0 



(B.5) 
(B.6) 
(B.7) 



''PxIp q) y^p) ^^"^ ^A((jr-) (^9) which mediate pairwise the boundary condi- 
tions between the boundaries of p'^{r) and p^{p), p^ip) and and and 
p^{r) respectively (as usual, the direction of the action of BIOs is given by the 
notation) . 

In the limit e ^ the product of the two fields '0^(1?'^^'^'^^ ^^"^ ''l^xiq ^r^'''^^ ^^^^ 
mediate the changing in boundary conditions from B{q) to A{p), thus the OPE 
of these two fields must be expressed as a function of a V'A('^p^^''^-type field: 



C{r)B{q), 



E 

A"(?,p)e3^ 



^A(p)C{r)B{q) I 
^X{r,p)\'(q,r)\"{q,p)\^r 



\H(q.p) - H(r,p) - H(q,r)^A(p)B(q) 



X"{q,p) K) 

(B.8a) 



This situation is described by the continuous arrows in fig. IB. 21 

In the same way we can write the other two naturally defined OPES: 



C{r)B{q] 



{Ujq)lp 



B{q)A(p) 



(Ujp) 



■,C{r)B{q)A{p) 



'^\{q,r)\'ip.,q)\"{p 
\"ip,r)ey 



(B.8b) 



described by the dashed arrows in fig. IB.2I and 

^Biq)A(p), ^^A(p)C(r). . _ 



E C^^^^'ir^q^^r - C.r^-^-"^-^-"^-Vf^Sr^K) (B.8C) 

A"(9,p)e>' 
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described by the dotted arrows in fig. IB.2I 

The complete description of the interaction of the Nq BCFTs passes trough 
the determination of the OPE coefficients of the BIOs •)' defined 

for A, B,C e A and A, A', X" e y. 

To obtain this result, it is first of all necessary to prove that our description 
is totally equivalent with the usual BCFT formulation. This can be achieved via 
demonstrating that the OPE coefficients and the normaHzation factor entering 
in ljB.3ll satisfy both the cyclic symmetry and the sewing constraint which derive 
from the three points and four points functions in the usual formulation of a 
Boundary Conformal Field Theory. Let us start from considering the three 
points function which arise naturally in the vertex p°{p,q,r), which must be 
cycHcally invariant. Thus: 

i^JllTi-^) ) = 

If we exploit the OPEs defined in IIB.8|l , from each identity in the previous 
equation we obtain the following relations between the OPEs coefficients: 

^A(p)C(r)B(g) ,A{p)B{q) _ ^B{q)A{p)C{r) ,B{q)C{r) x 

'^\(r,p)y(q,r)\"{q,p)'^\"{q,p) ~ ^ \" {p,q)\{r,p)\' {r,q) "'\' {r,q) 

^A(p)C{r)B(q) ,A{p)B(q) _ ^C(r)B(q)A{p) ,C(r)A(p) In ^^^ 

'•^\{r,p)\'{q,r)\"{q,p)"'\"{q,p) ~ ^ \' {q,r)\" {p,q)\(p,r) \{p,r) \^-^^) 

^B{q)A{p)C{r) ,B{q)C{r) _ ^C{r)B{q)A{p) ,C{r)A(p) ^n^0^ 

^\"(p,q)\(r,p)X'(r,q) X'(r,q) ~ ^ \' {q ,r) \" (p ,q) \(p ,r) "'\(p,r) V^-^-^J 

where the rf^i^^^)''^ are the normaHzation coefficients of the two point func- 
tions in the (C/pO(j, g ,,); '^(P: 9j '')) frame: 



jA(p)B{q) 



duj 


~H{q,p) 


duj 


-~H{q,p) 


dz{q,p) 


LJ — UJq 


dz{q,p) 


UJ—OJp 



K^.P)'"'^ (B-13) 



which satisfies the obvious property c'^^^p^'^'' = '^^(p'?^^^'- 
Moreover, if we take the two different OPEs in the first term of IIB.9|I . we 
obtain the usual sewing constraint: 

^A(p)C(r)B(q) ^A(p)B{q)A{p) _ ^C{r)B(q)A{p) ^A(p)C(r)A{p) 

^\(r,p)\'(q,r)\"(q,p)^\"(q,p)X"(p,q)0 ~ ^ \' (q,r)\" (p.,q)\(p,r)^ \(r,p)\(p,r)0 \^-^^) 

where is the singlet label. To complete this analysis, we would need to check 
sewing constraints arising from the four-points function behavior. We leave this 
further investigation to the next chapter, in which will see that the behavior of 
the four points function is fundamental to define the action of BIOs on the full 
surface. This analysis, together with properties outlined in section proves the 
complete equivalence between the usual action of boundary changing conditions 
operators on the upper half plane (UHP) boundary, and our particular model, 
in which BIOs merge dynamically the A^o copies of an UHP-defined BCFT. 



Appendix C 



An introduction to truly 
marginal deformations of 
boundary conformal field 
theories 



The coupling of a String theory with a generic background field corresponds in a 
microscopic CFT description to a deformation of the model. This deformation 
is formally obtained modifying the action with a perturbative term: 



For the theory to remain conformally invariant, the operator must be a 
marginal operator, i.e. 0{z,'z) must at least have conformal dimension (1,1) in 
order to let the integrated quantity be dimensionless. 

Let us assume one is given a certain Lagrangian C defining an exactly solv- 
able Conformal Field Theory on a two dimensional manifold S (thus we know 
the central charge of the Virasoro algebra, the spectrum of the model and the 
associated Vertex algebra) . A deformation of this model is obtained by adding 
a perturbative term to the action: 



where /,;(z,z) are some operators in the spectrum of the theory defined by L, 
while gi are some coupHng constants. In this connection, a Conformal Field 
Theory can be defined as a fixed point in the infinite dimensional space of 
theories parametrized by the coefficients of possible operators such as in equation 




(C.l) 




(C.2) 
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An introduction to truly marginal deformations of boundary 
170 conformal field theories 



Let us consider the simpler case in which we add to £ a single operator 
/(z, z) with coefBcient g. In a Renormalization Group (RG) approach, once the 
operator is added with a certain value of the coefficient, the theory {i.e. the 
coefficient value) flows along a RG trajectory as the energy scale ^ is changed. 
The behavior of the coupling is characterized by the /3-function 

m ^ (c.3) 

One can imagine the existence of a fixed point of such flows when f]{g) = 
thus g{fi) = g and the coupling tend to that speciflc value, as shown in flg. \C1\ 




Figure C.l: Flows 



On the left, 'g is an IR flxed point, since the coupling tends to this value for 
decreasing ^. On the contrary, on the right, the theory is an UV flxed point, 
since the coupling constant tends to the flxed point value for increasing energy 
scale. 

The spectrum of operators associated with £ can be divided into the follow- 
ing categories: 

• Operators whose conformal dimension is larger than (1,1), which are called 
irrelevant operators. The correspondent coupling constant has a negative 
mass dimension. If one adds an irrelevant operator to a CFT exact La- 
grangian, one flnds that the coupling constant in the new Lagrangian 
decreases to zero in the IR limit, thus the name itself. 

• Operators whose conformal dimension is smaller than (1,1), which are 
called relevant operators. The corresponding coupling constant has a pos- 
itive mass dimension and, adding such an operator to C one flnds that in 
the new model, g flows to a larger value in the IR. Moreover, if the theory 
is unitary, it will flow to a smaller c value one. 

• Operators whose dimension is exactly (1,1). They are called marginal 
operators, and their associated coupling constants are dimensionless. They 
do not break the scale invariance of the model explicitly, thus they do not 
take away the CFT from the flxed point. However, the coupling constants 
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can change under renormaHzation. This leads the marginal operators to 
subdivide into three classes: 

— Marginal operators whose couplings in the modified Lagrangian are 
IR free on the worldsheet. Thus these operators turn out to be irrele- 
vant ones. They difi'er from operators irrelevant at the classical level 
because they decrease logarithmically and not power-hke towards the 
infrared. 

— Marginal operators whose couplings gi under the modified Lagrangian 
are asymptotically free, thus increase logarithmically towards the in- 
frared. They are then relevant operators. 

— Marginal operators whose addiction to the Lagrangian £ maintains 
the couplings gi dimensionless. This promotes £ to a family of CFTs. 
These operators are called truly marginal and form a basis for a family 
for neighborhood of CFTs. 

C.l Deformations of a boundary conformal field 
theory 

We want to describe the effects of perturbations of a boundary condition gen- 
erated by marginal operators, in particular marginal boundary fields. We will 
show that a certain class of perturbations, which in [JSl are called analytic defor- 
mations, are truly marginal at all orders in the perturbation expansion. These 
perturbations are induced by self-local boundary operators of dimension one. 

Definition 3 Mutually local boundary fields 

Let {(p\(z,z) = ^{\(p\); z, z)} and {ipiyix) = <i>(|-0,y); x)} be respectively the 
collection of bulk and boundary fields of a given BCFT. Let us consider the 
correlator 

{lpl[xi) ■■ ■'ll}n{Xn)'^l{zi,Zi)- ■ ■^N{zN,ZN))a, X„<X^+i, (C.4) 

where a denotes the given boundary condition on the real axis. These functions 
are analytic in the variables Zi, i — 1, . . . , N throughout the whole UHP 3z > 0. 
For the variables x^, v ^ \, . . . , N , the analicity domain is restricted to the 
interval x G]a;,y_i, .t^+i [ on the boundary. Ln most cases, there are no unique 
analytic continuation of the correlation functions to exchange the position of two 
two neighboring boundary fields, since the result may depend on the orientation 
of the path we analytically continue the correlator (see fig. \C.2^} . 

Inthis connection, two boundary fields %Ijvi{xi) = xi) and '01/2 (2^2) = 

$(1-01/2); X2) are said to be MUTUALLY LOCAL if 

^(l^,.,); a;i)$(|V',.2); ^2) = <^{\i^u2): xs) ^dV-i-i); xi), xi < X2 (C.5) 
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X 



V-1 




I 



v+1 



Figure C.2: Curves along which correlators of bulk and boundary operators can 
be analytically continued 

where the last relation holds if included into an arbitrary correlator function of 
bulk and boundary fields. Obviously, to make sense it requires that an unique 
analytic continuation from xi < X2 to X2 < xi does exist. 

Definition 4 Self-local boundary fields 

A boundary field ij]v{x) is called SELF-local or analytic if it is mutually local 
with respect to itself. 

Let us notice that definition constraints the OPE of a self-local boundary 
field to contain only pole singularities. In particular, the OPE of a self-local 
boundary field '0(a;) with h^p = 1, is: 



where if is a real constant. 



C.1.1 The general prescription 

To describe truly marginal perturbations of a CFT in a general contest, let 
us consider a Boundary Conformal Field Theory defined on the Upper Half 
plane 5z > 0. Its state space will be labelled by a couple of parameters (fi, a) 
where identifies the gluing map along the real fine, while a is the given 
boundary condition. We can use boundary operators '4>{x) € ^(7i) to define a 
new perturbed theory. According to the general formula (IC.2II . the deformed 
model is obtained by adding to the action the operator: 



ii{xi)ii{x2) 



K 



(C.6) 



[xi - X2Y 




(C.7) 
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Thus, perturbed correlators are obtained by the unperturbed ones by the formal 
prescription: 



where g is the real coupling constant and the second sum runs over all the 
elements of the permutation group Sn ■ The operator Ig,^ has to be understood 
as the path-ordered exponential of the perturbing term ljC.7|l . Ig^ = PexpS", 
and the normalization is defined as the expectation value Z = {Aq)~^ {Ig^) . If 
other boundary fields are included in the unperturbed correlator, prescription 
lj(I8|l has to be modified in order to include all boundary fields in the path 
ordering. 

To make sense of (jC.8ll beyond the formal level, integrals need to be regular- 
ized, introducing suitable IR and UV cutoffs, while couphng and field have to be 
renormalized. In the following, we will not encounter IR-divergencies (which are 
usually cured by putting the system in a finite box, i.e. by considering finite- 
temperature correlators). On the other hand, we will deal with UV-divergent 
integrals. Thus, let us regularize them introducing a UV-cutoff e, to let inte- 
grals domains be restricted to regions \xi — Xj \ > e and to let integrals became 
UV-finite before taking the limit e ^ 0. 

In the following, we will analyze deformations generated by truly marginal 
operators, i.e. operators with h = 1. At KG fix-points, al CFT deformations 
share the fact that local properties of the bulk theory are not affected by the 
boundary condensate. Thus, boundary deformations actually will only involve 
changes in boundary conditions. 

Let us start discussing the change induced by a boundary field ip{x) on 
the two point function of the boundary field itself {tp{x)^{x))a. First order 
contributions will involve the following integrals: 



{ipi{zi,Zi) ■ ■ ■(pN[zN,ZM))a-Xip 



Z ^ ■ {I\,^^l{zi,Zi)---ipn[Zn,Zn)) 





X {^p{xi) ■ ■ ■ ■ll;{Xn)tpi{zi,Zi) ■ ■ ■ (pn{Zn, Z^)) a (C.8) 





From the general form for a three points function we get 



{'<P{X1)^{X2)^{X3)) 



(C.IO) 



a 



{Xi ~ X2) {Xi - X3) {X2 - X3) 
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we easily notice that the first order contribution to the perturbed two points 
function logarithmically diverges unless the structure constants C"^^ would 
vanish. This divergence would let the conformal weight flow away from = 
1, thus a boundary field ip is not truly marginal unless C^^^. Moreover, if there 
are more boundary fields in a BCFT, then a marginal field -0 is truly marginal 
only if Cjp^^, = for all marginal boundary fields {V''} in the theory. Equation 
l|C.6|l . together with H3.9|l . shows that self- local operators satisfy this (necessary 
but not sufficient - as a matter of fact true marginality is not guaranteed at 
higher orders of the perturbative expansion) first order condition. 



C.1.2 Truly marginal operators: the case of chiral fields 

The discussion can be pursued further: as a matter of fact, it is possible to prove 

that EVERY SELF-LOCAL MARGINAL BOUNDARY OPERATOR IS INDEED TRULY 
MARGINAL TO EACH ORDER AND IT GENERATES A DEFORMATION OF A BCFT. 

To this end, let us consider a perturbing self-local marginal field ^p{x) and let 
us rewrite the regularized deformed correlators of bulk fields as: 

{ipi{zi,Zi)---ifN{zN,ZN))l.g^ = 

n f+oo p+oc 1 7 

^^'H- •••/ (C.ll) 

^ n\ J„oo J-oo 27r 27r 

where the integrations are performed on the real axes with the UV-cutoff de- 
scribed above. Including ljC.6|l in ijC.lip . we can show that logarithmic diver- 
gences cancel out and the e ^ limit is well defined. Due to self-locality, the 
final result of the limit procedure is: 

{(pi{zi,Zl)---LpN{zN,ZN))a:gv = 1™ (-^l (^1 , ^1 ) ' ' ' V'Ar (^JV , ))q.„<p = 

where the various 7^ are straight lines parallel to the real axis parametrized as 
3z = if . The rhs of equation ljC.12|l is finite and independent from e as long 
as e < = I, . . . ,N, where {zi} are the bulk fields insertion points. Thus, 

formula ljC.12ll allows to construct the perturbed bulk fields correlators to all 
orders in perturbation theory. 

The extension of the above formula to mixed correlator, containing both 
bulk and boundary fields, is not straightforward. As a matter of fact IIC.1211 can 
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be extended to: 

(-01 (Ui) • • ■■ipM{uM)Vl{zi,Zi) ■ ■■ipN{zN,ZN))a,g^ = 

lim((pi(zi,zi)---.^Ar(zjv,zw))^.g^ = 

Z^^^^ [ ■■■[ ^■■■^{'lpixi)---1p{Xn)lJ-'i---'lJjMfl---'PN)a, 

(C.13) 

if and only if the boundary fields are local with respect to the perturbing field. 
Even in those cases, integrals on the rhs of ijC.l^p diverges when e ^ whenever 
the iterated OPE of the perturbing field with one of the boundary fields contains 
an even pole. Renormalization of such divergencies is worked out introducing 
renormalized boundary operators: 



("^) E ^ £^ ^ 4 ^ ^'("') ^(^i) • • • '^(^») 



(C.14) 

and contour integration (see [ZH| and references therein), so that the perturbed 
correlator becomes: 



9V 



(-01 (ui) • • ■■\\}m{um)'-P\[.Zx,Zi) ■ ■■ipN{zN,ZN))a- 

lim((pi(zi,Zi)---^A,(zjv,ZAr))^.g^ = 

-^•••^(V'(a;i)----0(a;„)-0i----0MV'i---VAr>a, (C.15) 

where the are small circles surrounding the ijji insertion point. 

Looking at lj(114ll the functional form of boundary fields is left unchanged by 
the renormalization procedure, since integrals on the rhs of ll(L14|l pick up only 
simple poles. Thus, the fields ip and i/' have the same conformal dimension, and 
can be regarded as the rotation of V'i generated by the perturbing 

FIELD -0. 

Let us analyze deformations of n-point functions of the perturbing field itself. 
Integrals on the rhs of (l(L14|l vanish, since OPE lj(I6|l does not contain simple 
poles. Thus, and -0 coincide, and equation ijC.fill forces all contour integrals 
in IIC.15|l to vanish if there are no bulk fields inserted on the UHP. Hence, any 
perturbative correction to the n-point function of ip vanish, i.e. each marginal 
boundary operator is truly marginal to all orders of the perturbed theory. 

Let us conclude this introductory section restricting our analysis to boundary 
condensates made up by elements of the chiral a algebra, i.e. fields associated to 
elements of (see comments after formula ll2.11ll V These marginal fields 

are local with respect all bulk and boundary fields, thus formula lj(I13ll can be 
directly applied to compute deformations of arbitrary bulk and boundary fields 
correlators. 
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As remarked above, truly marginal perturbations actually generates only 
changes in boundary conditions. Thus, let us analyze effects of switching on a 
chiral boundary condensate on the gluing map ft associate to a given BCFT. 
To this end, let us insert W{z + 2iS) — flW{z — 2iS), with z — z, in an arbitrary 
unperturbed correlator of bulk fields. Then taking the the (5 — > 0+ limit, the 
chiral currents move towards the boundary and the correlator vanishes in the 
Hmiting case. To study deformations of the gluing map, let us perturb the above 
relation introducing operator = P[e~"^']: 

= lims^a+P[e-'^'']W{z + 2iS) - nW{z-2iS) = 
Hms^o+ E 4 / • • • / ^ • • • ^-^(^i) • • • JMWiz+2iS) - nWiz-2tS) 

(C.16) 

Describing fields W and VtW in terms of the corresponding states \^lw) e 
'Hq^\ we get from the above integrals: 

„n 

= lims^o+ E ^^(JoH ® |0); zs, zs) - $(|0) (g) \nw); zg, zs) 

71 

= e'3Jowiz)e~'<'-^'' - nwCiz)) (C.17) 

where Jq is the zero mode of the UHP chiral current (more details about this 
computation can be found in [ZED- Thus, conjugation with 6^^"^° induces an 
inner automorphism on the chiral algebra W defined by: 

-fj{W) = e-"^'^°We'S'^" yWeW (C.18) 

Replacing 1IC.I8I1 in the second line of ijC.lTIl we get the perturbed gluing con- 
dition under the action of a chiral marginal perturbation: 

W{z) = no-fj{W){z) (C.19) 

Since 7,7 acts trivially on the Virasoro field, the gluing condition T = T and 
those of all other generators which commute with Jq remain unchanged under 
the chiral perturbation. Thus, these fields generate the same Ward identities ad 
in the unperturbed theory. 

Applying the construction outHned after formula II2.15|I , we can rephrase the 
result in equation ll(L19|l in the boundary state formalism. The chiral perturbed 
version of formula (I2.62|l turns out to be: 

Wn - i^lf-n o 7j(T^_„)||f], a))g,j, (C.20) 

where the perturbed boundary state is related to the unperturbed one via a 
simple rotation: 

11^2, = e^s-^^llf], a)) (C.21) 
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This section contains a collection of useful equations and formulae. 



D.l Simplicial String Duality 

• Direct products 

If a group G is the direct product of groups, G = Gi x G2, then, given 
any two elements gi G Gi and (?2 G G2 it holds: 

Dii^^?;m,n, idm) = i?^^^^ (fll) D^^^J^^ (g^) (D.l) 



• Clebsh-Gordan expansion 

The product of two Wigner functions with the same argument can be 
expanded in the Clebsh-Gordan series: 

ji+h 
J=\3l-32\ |M|,|JV|<J 

• Unitarity relations of Clebsh-Gordan coefficients 



^iimi j2TO2^iimi j2TO2 ~ Sjj'^mm' (D.3a) 

mi m2 

X/^ii ™i J2m2^ii m'l j2m^ ~ <5mi ^m2 (D.3b) 
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Useful formulae 



2k 



where: 



D.2 Cosmological solution of supergravity 

Bosonic Field Equations of type IIB supergravity 

The bosonic part of the equations can be formally obtained through variation 
of the following action ^ : 

J dip A i^dip + e-^F^^f A *F^^f + e^^ F^f A *F^f 
- F[f]^ A + i F^ff A ^F^ff - C7[4] A F^^f A F^f- (D.4) 

F«« = dqo] (D.5a) 
F^^f = dB[2] (D.5b) 

^[f]"" - rfq2] - qo] rfS[2] {D.5c) 
= dq4] - \ (S[2] A dq2] - q2] a dB^^^ (D.5d) 

It is important to stress though that the action ljD.4ll is to be considered 
only a book keeping device since the 4-form Cy^ is not free, its field strength 
F^^' being subject to the on-shell self-duality constraint: 

F[ff=*f^[ff (D.6) 

From the above action the corresponding equations of motion can be obtained: 

d.d^ - e^-F[ff A = -\ (e--F^,f A .F^,( - e-F^f A .F^f) 

(D.7a) 

d (e-- . F^f) + F^^f^ A .F^f^ = - F^f A F^f^ (D.7b) 
d{e'^*F^f) =-e-F[f A^F[f,« (D.7c) 
d(e^*F[f«) =-F^ffAF^^f (D.7d) 

= -F[^«AF«« (D.7e) 

1 e^"^ 
— 2Rmn = -^d^iipdNf + —^dMC[o]dNC[Q] + 150F[q]m----F[5]n' 



-9 



9MN \e ^i'[3]...i^[3] -|-e^i'[3]...i'[3] j (D.7tj 



^Note that our _R is equal to — ^-R"'"*, R°'''^ being the normalization of the scalar curvature 
usually adopted in General Relativity textbooks. The difference arises because in the tradi- 
tional literature the Riemann tensor is not defined as the components of the curvature 2-form 
R^^ rather as —2 times such components. 
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It is not difficult to show, upon suitable identification of the massless super- 
string fields, that this is the correct set of equations which can be consistently 
obtained from the manifestly SU(1, 1) covariant formulation of type IIB super- 
gravity [nnmnHnnii. 

A useful integral 




1/4 




27/4 



(D.8) 
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Appendix E 

Listing of the Eg positive 
roots 



E.l Listing according to height 

In this listing we present the roots of the Es Lie algebra, giving their definition 
both in terms of the simple roots and in the eucledian basis. The notation a^j 
is introduced to denote the height of the root (i). The number (j) is introduced 
to distinguish the roots of the same height 



Table E.l: Listing of positive Es rotts according to height 



label 


root 


Dynkin labels 


Euclidian basis labels 


di 


1 


= a[l] 


= {1,0,0,0,0,0,0,0} = 


= {0,1,-1,0,0,0,0,0} 


ai 


2 


= a[2] 


= {0,1,0,0,0,0,0,0} = 


= {0,0,1,-1,0,0,0,0} 


ai 


3 


= a[3] 


= {0,0,1,0,0,0,0,0} = 


= { 0,0,0,1,-1,0,0,0} 




4 = 


= a[4] 


= {0,0,0,1,0,0,0,0} = 


= { 0,0,0,0,1,-1,0,0} 


Oi 


5 


= «[5] 


= {0,0,0,0,1,0,0,0} = 


= {0,0,0,0,0,1,-1,0} 


ai 


6 


= «[6] 


= {0,0,0,0,0,1,0,0} = 


= {0,0,0,0,0,1,1,0} 


ai 


7 


= «[7] 


= {0,0,0,0,0,0,1,0} = 


— /lllllllll 

I 2' 2' 2' 2' 2' 2' 2' 2J 


ai 


8 


= a [8] 


= {0,0,0,0,0,0,0,1} = 


= { 1,-1,0,0,0,0,0,0} 


a2 


1 


= a [9] 


= {1,1,0,0,0,0,0,0} = 


= {0,1,0,-1,0,0,0,0} 


a2 


2 = 


= a[10] 


= {1,0,0,0,0,0,0,1} = 


= {1,0,-1,0,0,0,0,0} 


a2 


3 


= "[11] 


= {0,1,1,0,0,0,0,0} = 


= {0,0,1,0,-1,0,0,0} 


(12 


4 


= a[12] 


= {0,0,1,1,0,0,0,0} = 


= {0,0,0,1,0,-1,0,0} 


^2 


5 


= a[13] 


= {0,0,0,1,1,0,0,0} = 


= {0,0,0,0,1,0,-1,0} 


02 


6 


= a[U] 


= {0,0,0,1,0,1,0,0} = 


= {0,0,0,0,1,0,1,0} 


a2 


7 


= a[W] 


= {0,0,0,0,0,1,1,0} 


— Jl 1 1 1 111 ll 


Continued on next page 
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Listing of the £^8 positive roots 



Table E.l continued from previous page 



label 




root 




Dynkin labels 




Euclidian basis labels 


as 


1 


= 


a[16] 


= 


{1,1,1,0,0,0,0,0} 


= 


{0,1,0,0,-1,0,0,0} 


as 


2 


= 


a[17] 


= 


{1,1,0,0,0,0,0,1} 


= 


{1,0,0,-1,0,0,0,0} 


as 


3 


= 


a[18] 


= 


{0,1,1,1,0,0,0,0} 


= 


{ 0,0,1,0,0,-1,0,0} 


as 


4 


= 


a[19] 


= 


{0,0,1,1,1,0,0,0} 


= 


{ 0,0,0,1,0,0,-1,0} 


as 


5 


= 


a [20] 


= 


{0,0,1,1,0,1,0,0} 


= 


{ 0,0,0,1,0,0,1,0} 


as 


6 


= 


"[21] 


= 


{0,0,0,1,0,1,1,0} 


= 


fl 1 1 11 11 l\ 

I 2' 2' 2' 2'2' 2'2' 2J 


as 


7 


= 


a[22] 


= 


{0,0,0,1,1,1,0,0} 


= 


{0,0,0,0,1,1,0,0} 


04 


1 


= 


a[23] 


= 


{1,1,1,1,0,0,0,0} 


= 


{0,1,0,0,0,-1,0,0} 


04 


2 


= 


a [24] 


= 


{0,1,1,1,1,0,0,0} 


= 


{0,0,1,0,0,0,-1,0} 


a4 


3 


= 


a [25] 


= 


{0,1,1,1,0,1,0,0} 


= 


{ 0,0,1,0,0,0,1,0} 


04 


4 


= 


a [26] 


= 


{1,1,1,0,0,0,0,1} 


= 


{1,0,0,0,-1,0,0,0} 


04 


5 


= 


a[27] 


= 


{0,0,1,1,0,1,1,0} 


= 


fl 1 11 1 11 ll 

I 2' 2' 2'2' 2' 2'2' 2 J 


04 


6 


= 


a[28] 


= 


{0,0,1,1,1,1,0,0} 


= 


{0,0,0,1,0,1,0,0} 


04 


7 


= 


a [29] 


= 


{0,0,0,1,1,1,1,0} 


= 


fl 1 1 111 1 l\ 

I 2' 2' 2' 2'2'2' 2' 2j 


as 


1 


= 


a [30] 


= 


{1,1,1,1,1,0,0,0} 


= 


{ 0,1,0,0,0,0,-1,0} 


as 


2 


= 


a[31] 


= 


{1,1,1,1,0,1,0,0} 


= 


{0,1,0,0,0,0,1,0} 


as 


3 


= 


a[32] 


= 


{0,1,1,1,0,1,1,0} 


= 


fl 11 1 1 11 ll 
I 2' 2'2' 2' 2' 2'2' 2 J 


as 


4 


= 


a[33] 


= 


{0,1,1,1,1,1,0,0} 


= 


{ 0,0,1,0,0,1,0,0} 


as 


5 


= 


a [34] 


= 


{0,0,1,1,1,1,1,0} 


= 


fl 1 11 11 1 ll 

I 2' 2' 2-2- 2'2' 2' 2 S 


as 


6 


= 


a[35] 


= 


{1,1,1,1,0,0,0,1} 


= 


{1,0,0,0,0,-1,0,0} 


as 


7 


= 


a[36] 


= 


{0,0,1,2,1,1,0,0} 


= 


{0,0,0,1,1,0,0,0} 


ae 


1 


= 


a[37] 


= 


{1,1,1,1,0,1,1,0} 


= 


fll 1 1 1 11 ll 

I 2'2' 2' 2' 2' 2'2' 2 J 


ae 


2 


= 


a[38] 


= 


{1,1,1,1,1,1,0,0} 


= 


{0,1,0,0,0,1,0,0} 


ae 


3 


= 


a [39] 


= 


{0,1,1,1,1,1,1,0} 


= 


fl 11 1 11 1 ll 

I 2' 2'2' 2' 2'2' 2' 2 S 


ag 


4 


= 


a [40] 


= 


{0,1,1,2,1,1,0,0} 


= 


{ 0,0,1,0,1,0,0,0} 


ae 


5 


= 


a[41] 


= 


{0,0,1,2,1,1,1,0} 


= 


fl 1 111 1 1 ll 

I 2' 2' 2'2'2' 2' 2' 2 J 


ae 


6 


= 


a[42] 


= 


{1,1,1,1,1,0,0,1} 


= 


{1,0,0,0,0,0,-1,0} 


ae 


7 


= 


a[43] 


= 


{1,1,1.1.0.1.0,1} 


= 


{1,0,0,0,0,0,1,0} 


a? 


1 


= 


a [44] 


= 


{1,1,1,1,1,1,1,0} 


= 


fll 1 1 11 1 ll 

I 2-2- 2- 2' 2'2' 2' 2 J 


ay 


2 


= 


a [45] 


= 


{1,1,1,2,1,1,0,0} 


= 


{ 0,1,0,0,1,0,0,0} 


a? 


3 


= 


a [46] 


= 


{0,1,1,2,1,1,1,0} 


= 


fl 11 11 1 1 ll 
I 2' 2'2' 2'2' 2' 2' 2 S 


a-Y 


4 




a[47] 




{0,1,2,2,1,1,0,0} 




{0,0,1,1,0,0,0,0} 




5 




a[48] 




{1,1,1,1,1,1,0,1} 




{1,0,0,0,0,1,0,0} 


0-7 


6 




a[49] 




{0,0,1,2,1,2,1,0} 




fl 1 11111 ll 

I 2' 2' 2'2'2'2'2' 2 S 


ar 


7 




a[50] 




{1,1,1,1,0,1,1,1} 




fl 1 1 1 1 11 ll 

l2^ 2' 2' 2' 2' 2'2' 2 J 


as 


1 




a[51] 




{1,1,1,2,1,1,1,0} 




fll 1 11 1 1 ll 
I 2'2' 2' 2'2' 2' 2' 2j 


as 


2 




a[52] 




{1,1,2,2,1,1,0,0} 




{ 0,1,0,1,0,0,0,0} 


as 


3 




a[53] 




{0,1,1,2,1,2,1,0} 




fl 11 1111 ll 
I 2' 2'2' 2'2'2'2' 2 J 


Continued on next page 
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Table E.l continued from previous page 



label 




root 




Dynkin labels 




Euclidian basis labels 


«8| 


4 


= 


a[54] 


= 


{0,1,2,2,1,1,1,0} 


= 


r 1 111 1 1 

L 2' 2'2'2' 2' 2' 


2 ' 2 J 




5 


= 


a[55] 


= 


{1,1,1,2,1,1,0,1} 


= 


{1,0,0,0,1,0,0,0} 






6 


= 


a [56] 


= 


{1,1,1,1,1,1,1,1} 


= 


Si 1 1 1 11 

12' 2' 2' 2' 2'2' 


2 ' 2 / 


agi 


1 


= 


a[57] 


= 


{1,1,1,2,1,2,1,0} 


= 


fll 1 1111 

I 2'2' 2' 2'2'2'2' 


-^} 


^9| 


2 


= 


a [58] 


= 


{1,1,2,2,1,1,1,0} 


= 


/ 1 1 11 1 1 

I 2'2' 2'2' 2' 2' 


2 ' 2 J 




3 












{0,1,1,0,0,0,0,0} 




dgi 


4 


— 


a[60] 


— 


{0,1,2,2,1,2,1,0} 


— 


fl 111 111 
I 2' 2'2'2' 2'2'2' 


-i} 


^91 


5 


= 


a[61] 


= 


{1,1,2,2,1,1,0,1} 


= 


{1,0,0,1,0,0,0,0} 






6 


= 


a [62] 


= 


{1,1,1,2,1,1,1,1} 


= 


f 1 1 1 11 1 

12' 2' 2' 2'2' 2' 


2 ' 2 J 




1 


= 


a [63] 


= 


{1,1,2,2,1,2,1,0} 


= 


fll 11 111 

I 2'2' 2'2' 2'2'2' 




aio 


2 


= 


a [64] 


= 


{1,2,2,2,1,1,1,0} 


= 


fill 1 1 1 
I 2'2'2' 2' 2' 2' 


1 1 

2 ' 2 . 


n.i n 


3 


= 


a[65] 


= 


{1,2,2,2,1,1,0,1} 


= 


•fl 1 ol 




flio 






/n/ [A 




/I 10011 111 




f 1 1 11 1 1 




aw 


4 
5 


— 


G![OOJ 

a [67] 


— 


{0,1,2,3,1,2,1,0} 


— 


12' 2' 2'2' 2' 2' 
fl 1111 11 


2 ' 2 / 


aw 


6 


= 


a [68] 


= 


{1,1,1,2,1,2,1,1} 


= 


fl 1 1 1111 
l2' 2' 2' 2'2'2'2' 


} 


an 


1 


= 


a [69] 


= 


{2,2,2,2,1,1,0,1} 


= 


{1,1,0,0,0,0,0,0} 




an 


2 


= 


a[70] 


= 


{1,1,2,3,1,2,1,0} 


= 


fll 111 11 
I 2'2' 2'2'2' 2'2' 




On 


3 


= 


a[71] 


= 


{1,2,2,2,1,2,1,0} 


= 


fill 1 111 
l~5'5'5'~2'~5'5'5' 




an 


4 


= 


a [72] 


= 


{1,2,2,2,1,1,1,1} 


= 


f 1 11 1 1 1 

12' 2'2' 2' 2' 5' 


2 ' 2 J 


an 




= 


a [73] 


= 


{1,1,2,2,1,2,1,1} 


= 


fl 1 11 111 


-^} 


an 


5 
6 


= 


a [74] 


= 


{0,1,2,3,2,2,1,0} 


= 


l2' 2' 2'2' 2'2'2' 

fl 11111 1 
I 2' 2'2'2'2'2' 2' 


-^} 


ai2 


1 


= 


a[75] 


= 


{2,2,2,2,1,1,1,1} 


= 


fll 1 1 1 1 

l2'2' 2' 2' 2' 2' 


2 ' 2 / 


ai2 


2 


= 


a [76] 


= 


{1,1,2,3,2,2,1,0} 


= 


fll 1111 1 
I 2'2' 2'2'2'2' 2' 


-i} 


ai2 


3 


= 


a [77] 


= 


{1,2,2,3,1,2,1,0} 


= 


fill 11 11 
I 2'2'2' 2'2' 2'2' 


-i } 


ai2 


4 


= 


a [78] 


= 


{1,2,2,2,1,2,1,1} 


= 


fl 11 1 111 

12' 2'2' 2' 2'2'2' 


-h} 


ai2 


5 


= 


a [79] 


= 


{1,1,2,3,1,2,1,1} 


= 


fl 1 111 11 

12' 2' 2'2'2' 2'2' 


-i} 


ai3 


1 


= 


a[80] 


= 


{2,2,2,2,1,2,1,1} 


= 


fll 1 1 111 

L2'2' 2' 2' 2'2'2' 


-i } 


013 


2 


= 


a[81] 


= 


{1,2,2,3,2,2,1,0} 


= 


fill 111 1 

1 2'2'2' 2'2'2' 2' 


-1} 


ai3 


3 


= 


a [82] 


= 


{1,2,2,3,1,2,1,1} 


= 


fl 11 11 11 
12' 2'2' 2'2' 2'2' 


-i} 


ai3 


4 


= 


a [83] 


= 


{1,2,3,3,1,2,1,0} 


= 


fllll 1 11 

I 2'2'2'2' 2' 2'2' 


-1} 


ai3 


5 




a [84] 




{1,1,2,3,2,2,1,1} 




fl 1 1111 1 
l2' 2' 2'2'2'2' 2' 


-i} 


au 


1 




a[85] 




{2,2,2,3,1,2,1,1} 




fll 1 11 11 

L2'2' 2' 2'2' 2'2' 


-i} 


014 


2 




a [86] 




{1,2,2,3,2,2,1,1} 




fl 11 111 1 

12' 2'2' 2'2'2' 2' 


-i} 


014 


3 




a [87] 




{1,2,3,3,2,2,1,0} 




fllll 11 1 
L 2'2'2'2' 2'2' 2' 


-i} 


Oi4 


4 




a [88] 




{1,2,3,3,1,2,1,1} 




fl 111 1 11 

1.2' 2'2'2' 2' 2'2' 




ai5 


1 




a [89] 




{2,2,2,3,2,2,1,1} 




fll 1 111 1 
l2'2' 2' 2'2'2' 2' 


-^} 


ai5 


2 




a[90] 




{2,2,3,3,1,2,1,1} 




fll 11 1 11 

L2'2' 2'2' 2' 2'2' 




015 


3 




a[91] 




{1,2,3,3,2,2,1,1} 




fl 111 11 1 

12' 2'2'2' 2'2' 2' 


-1} 
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label 


root 


Dynkin labels 


Euclidian basis labels 


ai5 


4 


= a[92] = 


{1,2,3,4,2,2,1,0} 


— /iiiii 1 1 i\ 

L 2'2'2'2'2' 2' 2' 2j 


ai6 


1 


= a[93] = 


{2,2,3,3,2,2,1,1} 


— ill 11 11 1 ll 
12'2' 2'2' 2'2' 2' 2 / 


ai6 


2 


= a[94] = 


{2,3,3,3,1,2,1,1} 


— fill 1 1 11 ll 
l2'2'2' 2' 2' 2'2' 2 J 


Ol6 


3 


= a [95] = 


{1,2,3,4,2,2,1,1} 


— fl 1111 1 1 ll 
l2' 2'2'2'2' 2' 2' 2 J 


aw 


4 


= a [96] = 


{1,2,3,4,2,3,1,0} 


— / 1111111 ll 
1 2'2'2'2'2'2'2^ 2 J 


an 


1 


= a [97] = 


{2,2,3,4,2,2,1,1} 


— /ll 111 1 1 ll 
l2'2' 2'2'2' 2' 2' 2 J 


an 


2 


= a[98] = 


{2,3,3,3,2,2,1,1} 


— fill 1 11 1 ll 
l2'2'2' 2' 2'2' 2' 2 J 


an 


3 


= a [99] = 


{1,2,3,4,2,3,1,1} 


— fl 111111 ll 
l2' 2'2'2'2'2'2' 2 S 


an 


4 


= a[100] = 


{1,2,3,4,2,3,2,0} 


= {-1,0,0,0,0,0,0,-1} 


ai8 


1 


= a[101] = 


{2,2,3,4,2,3,1,1} 


— /ll 11111 l"l 

l2'2' 2'2'2'2'2' 2j 


ai8 


2 


= a[102] = 


{2,3,3,4,2,2,1,1} 


— fill 11 1 1 ll 
l2'2'2' 2'2' 2' 2' 2 S 


ais 


3 


= a[103] = 


{1,2,3,4,2,3,2,1} 


= {0,-1,0,0,0,0,0,-1} 


ai9 


1 


= a[104] = 


{2,2,3,4,2,3,2,1} 


= {0,0,-1,0,0,0,0,-1} 


ai9 


2 


= a[105] = 


{2,3,3,4,2,3,1,1} 


— fill 1111 ll 

l2^2'2' 2'2'2'2' 2 S 


ai9 


3 


= a[106] = 


{2,3,4,4,2,2,1,1} 


— fllll 1 1 1 ll 
l2'2'2'2' 2' 2' 2' 2j 


020 


1 


= a[107] = 


{2,3,3,4,2,3,2,1} 


= {0,0,0,-1,0,0,0,-1} 


a20 


2 


= a[108] = 


{2,3,4,4,2,3,1,1} 


fllll 111 1 

l2'2'2'2' 2'2'2' 2 


a2i 


1 


= a[109] = 


{2,3,4,4,2,3,2,1} 


= { 0,0,0,0,-1,0,0,-1} 


a2i 


2 


= a[110] = 


{2,3,4,5,2,3,1,1} 


— flllll 11 ll 

l2'2'2'2'2' 2'2' 2 J 


a22 


1 


= a[lll] = 


{2,3,4,5,2,3,2,1} 


= {0,0,0,0,0,-1,0,-1} 


a22 


2 


= a[112] = 


{2,3,4,5,3,3,1,1} 


— fllllll 1 ll 
l2'2'2'2'2'2' 2' 2/ 


a23 


1 


= a[113] = 


{2,3,4,5,3,3,2,1} 


= {0,0,0,0,0,0,-1,-1} 


a23 


2 


= a[114] = 


{2,3,4,5,2,4,2,1} 


= {0,0,0,0,0,0,1,-1} 


^24 


1 


= a[115] = 


{2,3,4,5,3,4,2,1} 


= {0,0,0,0,0,1,0,-1} 


^25 


1 


= a[116] = 


{2,3,4,6,3,4,2,1} 


= {0,0,0,0,1,0,0,-1} 


026 


1 


= a[117] = 


{2,3,5,6,3,4,2,1} 


= {0,0,0,1,0,0,0,-1} 


^27 


1 


= Q![118] = 


{2,4,5,6,3,4,2,1} 


= {0,0,1,0,0,0,0,-1} 


^28 


1 


= a[119] = 


{3,4,5,6,3,4,2,1} 


= {0,1,0,0,0,0,0,-1} 


a29 


1 


= Q![120] = 


{3,4,5,6,3,4,2,2} 


= {1,0,0,0,0,0,0,-1} 
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Tabic E.2: Listing of positive Es rots according to dimensional 
filtration: roots in D[l], D[2], D[3], D[4], D[5] and D[6] 



label 




root # 




Dynkin labels 


Type IIB 


type IIA 


di\i 




a[7] 




{0,0,0,0,0,0,1,0} 


P 


C9 


d2\i 




a[6] 




{0,0,0,0,0,1,0,0} 


Bs9 


78 ' 


d2\2 




a[5] 




{0,0,0,0,1,0,0,0} 


78^ 


78^ 


d2\3 




a[15] 




{0,0,0,0,0,1,1,0} 




Cs 


4|1 




a[22] 




{0,0,0,1,1,1,0,0} 


B78 


I7' 






a[4] 




{0,0,0,1,0,0,0,0} 




77« 


C^3|3 




a[U] 




{0,0,0,1,0,1,0,0} 


B79 


77^ 


d3\A 




a[13] 




{0,0,0,1,1,0,0,0} 


17' 


-B79 


d3\5 


= 


a [29] 


= 


{0,0,0,1,1,1,1,0} 


C78 


C789 


d3\6 


= 


a[21] 


= 


{0,0,0,1,0,1,1,0} 


C79 


C7 


d4\l 


= 


a[36] 


= 


{0,0,1,2,1,1,0,0} 


Be 7 


Be 7 


di\2 




a[3] 




{0,0,1,0,0,0,0,0} 


7 

76 


7 

76 


d4\3 


= 


a[28] 


= 


{0,0,1,1,1,1,0,0} 


-Be 8 


^6 8 


d4|4 




a[12] 




{0,0,1,1,0,0,0,0} 


76* 


76* 


d4\5 




a[20] 




{0,0,1,1,0,1,0,0} 


-Bag 


76*' 


d4\6 




a[19] 




{0,0,1,1,1,0,0,0} 


76^ 


Be 9 


d4\7 




a[41] 




{0,0,1,2,1,1,1,0} 


CeT 


C&79 


d4\S 


= 


a[34] 


= 


{0,0,1,1,1,1,1,0} 


^6 8 


C6 8 9 


d4\9 




a[27] 




{0,0,1,1,0,1,1,0} 


Ceg 


Ce 


d4\10 




a[49] 




{0,0,1,2,1,2,1,0} 


C6789 


Ce7 8 


d5\i 




a[47] 




{0,1,2,2,1,1,0,0} 


-B56 


-B56 


d5\2 


= 


a[2] 


= 


{0,1,0,0,0,0,0,0} 


75^ 


75^ 


d5\3 


= 


a[40] 


= 


{0,1,1,2,1,1,0,0} 


-B57 


-B57 


d5\4 


= 


a[ll] 


= 


{0,1,1,0,0,0,0,0} 


75^ 


75^ 


d5\5 


= 


a[33] 


= 


{0,1,1,1,1,1,0,0} 


-B58 


-B58 


d5\6 


= 


a[18] 


= 


{0,1,1,1,0,0,0,0} 


75* 


75* 


d5\7 


= 


a [25] 


= 


{0,1,1,1,0,1,0,0} 


-B59 


75« 


d5\S 




a[24] 




{0,1,1,1,1,0,0,0} 


75^ 


-B59 


d5\9 




a[54] 




{0,1,2,2,1,1,1,0} 


C56 


C569 


d5\W 




a[46] 




{0,1,1,2,1,1,1,0} 


C57 


C579 


<^5|11 




a[39] 




{0,1,1,1,1,1,1,0} 




C589 


dr-,\i2 




a [32] 




{0,1,1,1,0,1,1,0} 


C59 


C5 


d5\13 




a [53] 




{0,1,1,2,1,2,1,0} 


C5 7 8 9 


C578 


C^5|14 




a[60] 




{0,1,2,2,1,2,1,0} 


C5689 


C568 






a[67] 




{0,1,2,3,1,2,1,0} 


C5679 


C567 


C^5|16 




a[74] 




{0,1,2,3,2,2,1,0} 


C5 6 7 8 


C34IJ. 
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Table E.2 continued from previous page 



label 


root # 


Dynkin labels 


Type IIB 


type IIA 


d(, 


|i = 


a [59] 


{1,2,2,2,1,1,0,0} 


B45 


-B45 


de 


|2 = 


a[l] = 


{1,0,0,0,0,0,0,0} 


74^ 


74^ 


de 


|3 ^ 


a [52] 


{1,1,2,2,1,1,0,0} 


-B46 


-B46 


de 


|4 = 


a [9] 


{1,1,0,0,0,0,0,0} 


74^ 


74^ 


dfi 


|5 ^ 


a [45] 


{1,1,1,2,1,1,0,0} 


i?4 7 


-B47 


dfi 


|6 = 


a[16] 


{1,1,1,0,0,0,0,0} 


74^ 


74' 


de 


|7 = 


a[38] = 


{1,1,1,1,1,1,0,0} 


-B48 


-B48 


rfg 


|8 = 


a [23] 


{1,1,1,1,0,0,0,0} 


74« 


74« 


d(, 


|9 ^ 


a[31] 


{1,1,1,1,0,1,0,0} 


^4 9 


74« 


de 


10 = 


a [30] 


{1,1,1,1,1,0,0,0} 


74^ 


B49 


4 


11 = 


a[100] = 


{1,2,3,4,2,3,2,0} 


Bsfj, 


Bs/j, 


de 


12 = 


a[96] = 


{1,2,3,4,2,3,1,0} 




C391J. 


da 


13 = 


a [64] 


{1,2,2,2,1,1,1,0} 


C45 


C459 


de 


14 = 


a [58] 


{1,1,2,2,1,1,1,0} 


Cie 


Cie9 


de 


15 = 


a[51] 


{1,1,1,2,1,1,1,0} 


C47 


Cat 9 


de 


16 = 


a [44] 


{1,1,1,1,1,1,1,0} 


C48 


(^4 8 9 


de 


17 = 


a[37] = 


{1,1,1,1,0,1,1,0} 


C49 


Ci 


de 


18 = 


a[57] 


{1,1,1,2,1,2,1,0} 


C4789 


C47S 


de 


19 = 


a [63] 


{1,1,2,2,1,2,1,0} 


C4689 


C^es 


de 


20 = 


a [70] 


{1,1,2,3,1,2,1,0} 


C4679 


C467 


de 


21 = 


a [76] 


{1,1,2,3,2,2,1,0} 


C46 78 


C35M 


de 


22 = 


a[71] = 


{1,2,2,2,1,2,1,0} 


C4589 


C458 


de 


23 = 


a [77] 


{1,2,2,3,1,2,1,0} 


C4 5 7 9 


C457 


de 


24 = 


a[81] 


{1,2,2,3,2,2,1,0} 


C4 5 7 8 


Cseti 


de 


25 = 


a [83] 


{1,2,3,3,1,2,1,0} 


(^4 5 6 9 


^4 5 6 


de 


26 = 


a [87] 


{1,2,3,3,2,2,1,0} 


C4568 




de 


27 = 


a[92] = 


{1,2,3,4,2,2,1,0} 


(^4567 


C381J. 



Roots in D[7] 

• Electric with respect to the electric subgroup SL(8) C ^7(7) C ^8{8) 



Table E.3: Roots in D[7] electric with respect to SL(8) C £7(7) C 

E8(8) 



label 


root # 


Dynkin labels 


q- vector 


Type IIB type IIA 


d7\i = 

d7\2 = 
d7\3 = 


a [50] 
a[99] 
a[101] 


= {1,1,1,1,0,1,1,1} = 
= {1,2,3,4,2,3,1,1} = 
= {2,2,3,4,2,3,1,1} = 


> {1,1,1,1,0,1,1} 

> {1,2,3,4,2,3,1} 

> {2,2,3,4,2,3,1} 


C39 C3 
C49 ^ 

C^ix C5 9 


Continued on next page 
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Table E.3 continued from previous page 



label 


root # 


Dynkin labels 




q-vector 


Type IIB 


type IIA 


d7\4 = 


a[105] = 


{2,3,3,4,2,3,1,1} 




{2,3,3,4,2,3,1} 


Ce^ 


C6 9;i 


d7\5 = 


a[108] = 


{2,3,4,4,2,3,1,1} 




{2,3,4,4,2,3,1} 


C71J, 


C79/H 


d7\6 = 


a[110] = 


{2,3,4,5,2,3,1,1} 




{2,3,4,5,2,3,1} 


C's/i 




C?7|7 = 


a [84] 


{1,1,2,3,2,2,1,1} 




{1,1,2,3,2,2,1} 


C3678 


C4 5/i 


i^7|8 = 


a[86] 


{1,2,2,3,2,2,1,1} 




{1,2,2,3,2,2,1} 


(^3 5 78 


C46M 


d7\9 = 


a[91] 


{1,2,3,3,2,2,1,1} 




{1,2,3,3,2,2,1} 


C3568 


C47M 


dr 


10 = 


a[95] 


{1,2,3,4,2,2,1,1} 




{1,2,3,4,2,2,1} 


C3567 


C48M 


dr 


11 = 


a [97] 


{2,2,3,4,2,2,1,1} 




{2,2,3,4,2,2,1} 


C3467 


C5 8Ai 


d7 


12 = 


a[102] = 


{2,3,3,4,2,2,1,1} 


=> 


{2,3,3,4,2,2,1} 


(^3 4 5 7 




dr 


13 = 


a[106] = 


{2,3,4,4,2,2,1,1} 


=> 


{2,3,4,4,2,2,1} 


C3456 


C78A1 


dr 


14 = 


a[93] 


{2,2,3,3,2,2,1,1} 


=^ 


{2,2,3,3,2,2,1} 


C3468 


C5 7^i 


dr 


15 = 


a[89] 


{2,2,2,3,2,2,1,1} 




{2,2,2,3,2,2,1} 


C3478 


C56M 


dr 


16 = 


a[98] 


{2,3,3,3,2,2,1,1} 




{2,3,3,3,2,2,1} 


^"345 8 


C6 7m 


dr 


17 = 


a[103] = 


{1,2,3,4,2,3,2,1} 




{1,2,3,4,2,3,2} 


-84^ 


B4fi 


dr 


18 = 


a[104] = 


{2,2,3,4,2,3,2,1} 




{2,2,3,4,2,3,2} 


B5fj. 


B511 


dr 


19 = 


a[107] = 


{2,3,3,4,2,3,2,1} 




{2,3,3,4,2,3,2} 


Bsfj, 


BQfi 


dr 


20 = 


a[109] = 


{2,3,4,4,2,3,2,1} 




{2,3,4,4,2,3,2} 


B7 n 


Bt ^ 


dr 


21 = 


a[lll] = 


{2,3,4,5,2,3,2,1} 




{2,3,4,5,2,3,2} 


Bsfj. 


Bsi_i 


dr 


22 = 


a[114] = 


{2,3,4,5,2,4,2,1} 




{2,3,4,5,2,4,2} 




Bgfj, 


dr 


23 = 


a[8] = 


{0,0,0,0,0,0,0,1} 


=^ 


{0,0,0,0,0,0,0} 


4 

73 


4 

73 


dr 


24 = 


a[10] 


{1,0,0,0,0,0,0,1} 


=> 


{1,0,0,0,0,0,0} 


73^ 


5 

73 


dr 


25 = 


"[17] = 


{1,1,0,0,0,0,0,1} 


=> 


{1,1,0,0,0,0,0} 


73*^ 


73** 


dr 


26 = 


a [26] 


{1,1,1,0,0,0,0,1} 




{1,1,1,0,0,0,0} 


73^ 


73^ 


dr 


27 = 


a[35] 


{1,1,1,1,0,0,0,1} 




{1,1,1,1,0,0,0} 


73« 


73^ 


dr 


28 = 


a[43] 


{1,1,1,1,0,1,0,1} 




{1,1,1,1,0,1,0} 


-B39 


73^ 



• Magnetic with respect to the electric subgroup SL(8) C £7(7) C £3(8) 



Table E.4: Roots in D[7] magnetic with respect to SL(8) C £7(7) C 

E8(8) 



label 


root # 


Dynkin labels 


q-vector 


Type IIB 


type IIA 


f^7|29 = 


a[112] 


= {2,3,4,5,3,3,1,1} 


{2,3,4,5,3,3,1} 




Cm 


C^7|30 = 


a[75] 


= {2,2,2,2,1,1,1,1} 


{2,2,2,2,1,1,1} 


C34 


C349 


C^7|31 = 


"[72] 


= {1,2,2,2,1,1,1,1} 


{1,2,2,2,1,1,1} 


C35 


C359 


C?7|32 = 


a[66] 


= {1,1,2,2,1,1,1,1} => 


{1,1,2,2,1,1,1} 




C369 


C^7|33 = 


a[62] 


= {1,1,1,2,1,1,1,1} => 


{1,1,1,2,1,1,1} 


C3 7 


79 


C^7|34 = 


a[56] 


= {1,1,1,1,1,1,1,1} => 


{1,1,1.1,1,1,1} 


C38 


^3 8 9 
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label 


root # 


Dynkin labels 




q-vector 


Type IIB 


type IIA 


dr 


35 = 


a [94] 


{2,3,3,3,1,2,1,1} 




{2,3,3,3,1,2,1} 


C3459 


C345 


dr 


36 = 


a [90] 


{2,2,3,3,1,2,1,1} 




{2,2,3,3,1,2,1} 


C3469 




dr 


37 = 


a [85] 


{2,2,2,3,1,2,1,1} 




{2,2,2,3,1,2,1} 


C3479 


Csir 


dr 


38 = 


a [80] 


{2,2,2,2,1,2,1,1} 




{2,2,2,2,1,2,1} 


C3489 


C348 


dr 


39 = 


a [78] 


{1,2,2,2,1,2,1,1} 


=> 


{1,2,2,2,1,2,1} 


C3589 


C358 


d, 


40 = 


a [73] 


{1,1,2,2,1,2,1,1} 




{1,1,2,2,1,2,1} 


C3689 


C368 


dr 


41 = 


a [68] 


{1,1,1,2,1,2,1,1} 




{1,1,1,2,1,2,1} 


C3789 


C378 


dj 


42 = 


a [82] 


{1,2,2,3,1,2,1,1} 




{1,2,2,3,1,2,1} 


C3579 


C357 


dr 


43 = 


a[88] 


{1,2,3,3,1,2,1,1} 


=> 


{1,2,3,3,1,2,1} 


C3 5 6 9 


C356 


dr 


44 = 


a [79] 


{1,1,2,3,1,2,1,1} 


=> 


{1,1,2,3,1,2,1} 


C3679 


C367 


dr 


45 = 


a[69] 


{2,2,2,2,1,1,0,1} 




{2,2,2,2,1,1,0} 


-B34 


-B34 


dr 


46 = 


a [65] 


{1,2,2,2,1,1,0,1} 




{1,2,2,2,1,1,0} 


B35 


^3 5 


dr 


47 = 


a[61] 


{1,1,2,2,1,1,0,1} 




{1,1,2,2,1,1,0} 


B36 


B36 


dr 


48 = 


a[55] 


{1,1,1,2,1,1,0,1} 




{1,1,1,2,1,1,0} 


Bsr 


Bsr 


dr 


49 = 


a [48] 


{1,1,1,1,1,1,0,1} 




{1,1,1,1,1,1,0} 


B38 


B3S 


dr 


50 = 


a [42] 


{1,1,1,1,1,0,0,1} 




{1,1,1,1,1,0,0} 


73^ 


B39 


dr 


51 = 


a[119] = 


{3,4,5,6,3,4,2,1} 




{3,4,5,6,3,4,2} 


7m^ 


7/ 


dr 


52 = 


a[118] = 


{2,4,5,6,3,4,2,1} 


=> 


{2,4,5,6,3,4,2} 


7.^ 


7/ 


dr 


53 = 


a[117] = 


{2,3,5,6,3,4,2,1} 


=> 


{2,3,5,6,3,4,2} 


7/ 


7/ 


dr 


54 = 


a[116] = 


{2,3,4,6,3,4,2,1} 


=> 


{2,3,4,6,3,4,2} 


7/ 


7/ 


dj 


55 = 


a[115] = 


{2,3,4,5,3,4,2,1} 


=> 


{2,3,4,5,3,4,2} 


7/ 


7/ 


dr 


5(j = 


a [113] = 


{2,3,4,5,3,3,2,1} 




{2,3,4,5,3,3,2} 


B() fi 


"ill'.) 



Roots in D[8] 



Table E.5: Listing of positive Es rots according to dimensional 
filtration: roots in D[8] 



label root # Dynkin labels 


Type IIB type IIA 


rfsii = a[120] = {3,4,5,6,3,4,2,2} 


4 4 

7(1* 7/* 



Acknowledgments 



First of all I would like to thank my supervisor, Mauro Carfora, and Annal- 
isa Marzuoli for their continuous support, help, encouragement and teachings 
during these three years. 

I also thank my ofEcemate, collaborator and friend, Claudio Dappiaggi, for 
his help, his support and for all the fruitful discussions we had these years. . . and 
yes, obviously also for his patience the many times I interrupted him with "Scusa, 
Claudio, ho una domanda da farti. . . ". 

I am very grateful to Pietro Fre, Floriana Gargiulo, Ksenya Rulik, Alexander 
Sorin and Mario Trigiante for allowing me to work with them during my first 
year of Ph.D.: you taught me a lot. 

I also would like to thank the CERN Theoretical Division for its kind hos- 
pitality during the past year, and all people I met there: I learnt a lot from all 
of you. 

Especially, I thank Rodolfo Russo, for accepting to supervise my work while 
I was at CERN, for the fruitful collaboration started there and for the huge 
amount of things he taught and keep on teaching me. 

I also would like to thank all people I met here in Pavia, and especially my 
friend Umberto, who truly shared with me this three-year experience. 

Last but not least I thank Marco, obviously not only for his patience, his 
continuous encouragement, for the many nights he spent at my side while I was 
writing this thesis and for the help he gave me. Without you I would not be 
what I am: you are the best part of me and you will always be. 



189 



Bibliography 



[1] Adam G. Riess et al. Observational Evidence from Supernovae for an 
Accelerating Universe and a Cosmological Constant. Astron. J., 116:1009- 
1038, 1998. astro-ph/9805201. 

[2] S. Perlmutter ct al. Measurements of Omega and Lambda from 42 High- 
Redshift Supernovae. Astrophys. J., 517:565-586, 1999. astro-ph/9812133. 

[3] J. L. Sievers et al. Cosmological Parameters from Cosmic Background 
Imager Observations and Comparisons with BOOMERANG, DASI, and 
MAXIMA. Astrophys. J., 591:599-622, 2003. astro-ph/ 0205387. 

[4] Andrei D. Linde. Particle Physics and Inflationary Cosmology. 2005. 
hep-th/0503203. 

[5] Shamit Kachru et al. Towards inflation in string theory. JCAP, 0310:013, 
2003. hep-th/0308055. 

[6] Shamit Kachru, Renata Kallosh, Andrei Linde, and Sandip P. Trivedi. 
De Sitter vacua in string theory. Phys. Rev., D68:046005, 2003. hep- 
th/0301240. 

[7] C. P. Burgess, R. Kallosh, and F. Quevedo. de Sitter string vacua from 
supersymmetric D-terms. JHEP, 10:056, 2003. hep-th/0309187. 

[8] Pietro Fre, Mario Trigiante, and Antoine Van Proeyen. Stable de Sitter 
vacua from N = 2 supergravity. Class. Quant. Grav., 19:4167-4194, 2002. 
hep-th/0205119. 

[9] M. de Roo, D. B. Westra, Sudhakar Panda, and M. Trigiante. Potential 
and mass-matrix in gauged N = 4 supergravity. JHEP, 11:022, 2003. 
hep-th/0310187. 

[10] Michael Gutperle and Andrew Strominger. Spacelike branes. JHEP, 
04:018, 2002. hep-th/0202210. 



191 



192 



BIBLIOGRAPHY 



[11] V. D. Ivashchuk and V. N. Mclnikov. Multidimensional classical and 
quantum cosmology with intersecting p-branes. J. Math. Phys., 39:2866- 
2888, 1998. hep-tli/9708157. 

[12] L. Cornalba, M. S. Costa, and C. Kounnas. A resolution of the cos- 
mological singularity with orientifolds. Nucl. Phys., B637:378-394, 2002. 
hep-th/0204261. 

[13] Lorenzo Cornalba and Miguel S. Costa. On the classical stability of 
orientifold cosmologies. Class. Quant. Grav., 20:3969-3996, 2003. hep- 
th/0302137. 

[14] Frederic Leblond and Amanda W. Peet. A note on the singularity theorem 
for supergravity SD- branes. JHEP, 04:022, 2004. hep-th/0305059. 

[15] Martin Kruczenski, Robert C. Myers, and Amanda W. Peet. Supergravity 
S-branes. JHEP, 05:039, 2002. hep-th/0204144. 

[16] Nobuyoshi Ohta. Accelerating cosmologies from S-branes. Phys. Rev. 
Lett, 91:061303, 2003. hep-th/0303238. 

[17] Roberto Emparan and Jaume Garriga. A note on accelerating cosmolo- 
gies from compactifications and S-branes. JHEP, 05:028, 2003. hep- 
th/0304124. 

[18] Alex Buchel and Johannes Walcher. Comments on supergravity descrip- 
tion of S-branes. JHEP, 05:069, 2003. hep-th/0305055. 

[19] G. Papadopoulos, J. G. Russo, and A. A. Tseythn. Solvable model of 
strings in a time-dependent plane- wave background. Class. Quant. Grav., 
20:969-1016, 2003. hep-th/0211289. 

[20] Fernando Quevedo. Lectures on string / brane cosmology. Class. Quant. 
Grav., 19:5721-5779, 2002. hep-th/0210292. 

[21] M. Gasperini and G. Veneziano. The pre-big bang scenario in string cos- 
mology. Phys. Kept, 373:1-212, 2003. hep-th/0207130. 

[22] Ben Craps, David Kutasov, and Govindan Rajesh. String propagation 
in the presence of cosmological singularities. JHEP, 06:053, 2002. hep- 
th/0205101. 

[23] Tom Banks and W. Fischler. M-theory observables for cosmological space- 
times. 2001. hep-th/0102077. 

[24] Justin Khoury, Burt A. Ovrut, Nathan Seiberg, Paul J. Steinhardt, and 
Neil Turok. From big crunch to big bang. Phys. Rev., D65:086007, 2002. 
hep-th/0108187. 



BIBLIOGRAPHY 



193 



[25] James E. Lidsey, David Wands, and Edmund J. Copeland. Superstring 
cosmology. Phys. Kept, 337:343-492, 2000. hep-th/9909061. 

[26] Albion E. Lawrence and Emil J. Martincc. String field theory in curved 
spacetime and the resolution of spaceHke singularities. Class. Quant. 
Grav., 13:63-96, 1996. liep-th/9509149. 

[27] Ashoke Sen. Time evolution in open string theory. JHEP, 10:003, 2002. 
hep-th/0207105. 

[28] Ashoke Sen. Rolling tachyon. JHEP, 04:048, 2002. hep-th/0203211. 

[29] Robert Gerocli. A method for generating solutions of einstein's equations. 
J. Math. Phys., 12:918-924, 1971. 

[30] R. Geroch. A method for generating new solutions of einstein's equation. 
2. J. Math. Phys., 13:394-404, 1972. 

[31] E. Cremmer. In S. Ferrara and J.G. Taylor, editors, Supergravity 81, page 
313, 1981. 

[32] B. L. Julia. In S. Hawking and M. Rocek, editors, Superspace and Super- 
gravity. Cambridge Univ. Press, Cambridge, 1981. 

[33] B. Julia. Infinite lie algebras in physics. Invited talk given at Johns 
Hopkins Workshop on Current Problems in Particle Theory, Baltimore, 
Md., May 25-27, 1981. 

[34] V. D. Ivashchuk and V. N. Melnikov. Billiard representation for multidi- 
mensional cosmology with intersecting p-branes near the singularity. J. 
Math. Phys., 41:6341-6363, 2000. 

[35] T. Damour, M. Henneaux, and H. Nicolai. Cosmological biUiards. Class. 
Quant. Grav., 20:R145-R200, 2003. hep-th/0212256. 

[36] Marc Henneaux and Bernard Julia. HyperboHc biUiards of pure D = 4 
supergravities. JHEP, 05:047, 2003. hep-th/0304233. 

[37] Sophie de Buyl, Gaia Pinardi, and Christiane Schomblond. Einstein bil- 
liards and spatially homogeneous cosmological models. Class. Quant. 
Grav., 20:5141-5160, 2003. hep-th/0306280. 

[38] Thibault Damour, Marc Henneaux, Alan D. Rcndall, and Marsha Weaver. 
Kasner-like behaviour for subcritical Einstein-matter systems. Annales 
Henri Poincare, 3:1049-1111, 2002. gr-qc/0202069. 

[39] T. Damour and M. Henneaux. Chaos in superstring cosmology. Gen. Rel. 
Grav., 32:2339-2343, 2000. 



194 



BIBLIOGRAPHY 



[40] Thibault Damour, Marc Hcnncaux, Bernard Julia, and Hermann Nicolai. 
Hyperbolic Kac-Moody algebras and chaos in Kaluza-Klein models. Phys. 
Lett, B509:323-330, 2001. hep-th/0103094. 

[41] Thibault Damour and Marc Henneaux. E(10), BE(IO) and arithmetical 
chaos in superstring cosmology. Phys. Rev. Lett., 86:4749-4752, 2001. 
hep-th/0012172. 

[42] Thibault Damour and Marc Henneaux. Oscillatory behaviour in homo- 
geneous string cosmology models. Phys. Lett., B488:108-116, 2000. hep- 
th/0006171. 

[43] Thibault Damour and Marc Henneaux. Chaos in superstring cosmology. 
Phys. Rev. Lett., 85:920-923, 2000. hep-th/0003139. 

[44] J. Demaret, Y. De Rop, and M. Henneaux. CHAOS IN NONDIAGO- 
NAL SPATIALLY HOMOGENEOUS COSMOLOGICAL MODELS IN 
SPACE-TIME DIMENSIONS < 10. Phys. Lett, B211:37-41, 1988. 

[45] Neil Marcus and John H. Schwarz. Three-dimensional supergravity theo- 
ries. Nucl. Phys., B228:145, 1983. 

[46] H. Nicolai and H. Samtleben. Compact and noncompact gauged maximal 
supergravities in three dimensions. JHEP, 04:022, 2001. hep-th/0103032. 

[47] L. Andrianopoli, R. D'Auria, S. Ferrara, P. Fre, and M. Trigiante. R-R 
scalars, U-duality and solvable Lie algebras. Nucl. Phys., B496:617-629, 
1997. hep-th/9611014. 

[48] Laura Andrianopoli et al. Solvable Lie algebras in type IIA, type IIB and 
M theories. Nucl. Phys., B493:249-280, 1997. hep-th/9612202. 

[49] P. Fre et al. Cosmological backgrounds of superstring theory and solvable 
algebras: Oxidation and branes. Nucl. Phys., B685:3-64, 2004. 

[50] Gerard 't Hooft. A lanar diagram theory for trong interactions. Nucl. 
Phys., B72:461, 1974. 

[51] Leonard Susskind. The world as a hologram. J. Math. Phys., 36:6377- 
6396, 1995. 

[52] Gerard 't Hooft. Dimensional reduction in quantum gravity. 1993. 

[53] Juan M. Maldacena. The large n limit of superconformal field theories 
and supergravity. Adv. Theor. Math. Phys., 2:231-252, 1998. 



[54] Marcos Marino. Les houches lectures on matrix models and topological 
strings. 2004. 



BIBLIOGRAPHY 



195 



[55] Antonclla Grassi and Michele Rossi. Large n dualities and transitions in 
geometry. 2002. 

[56] Rajesh Gopakumar. From free fields to AdS. Phys. Rev., D70:025009, 
2004. 

[57] Rajesh Gopakumar. From free fields to AdS. IL Phys. Rev., D70:025010, 
2004. licp-th/0402063. 

[58] Edward Witten. Anti-de Sitter space and holography. Adv. Theor. Math. 
Phys., 2:253-291, 1998. hep-th/9802150. 

[59] S. S. Gubser, Igor R. Klebanov, and Alexander M. Polyakov. Gauge 
theory correlators from non-critical string theory. Phys. Lett., B428:105- 
114, 1998. hep-th/9802109. 

[60] M. Carfora, C. Dappiaggi, and A. Marzuoli. The modular geometry of 
random Regge triangulations. Class. Quant. Grav., 19:5195, 2002. gr- 
qc/0206077. 

[61] Mauro Carfora and AnnaHsa Marzuoli. Conformal modes in simplicial 
quantum gravity and the Weil-Petersson volume of moduH space. Adv. 
Theor. Math. Phys., 6:357-401, 2003. [math-ph/0107028]. 

[62] M. Mulase and M. Penkava. Ribbon graphs, quadratic differentials on 
riemann surfaces and algebraic curves defined over Q. math-ph/9811024. 

[63] Rajesh Gopakumar. From free fields to AdS. IIL 2005. hep-th/0504229. 

[64] Mauro Carfora, Claudio Dappiaggi, and Valeria Gili. Simplicial aspects 
of string dualities. AIP Conf. Proc., 751:182-184, 2005. hep-th/0410006. 

[65] M. Carfora, C. Dappiaggi, and V. GiH. SimpHcial and modular aspects of 
string dualities. In preparation. 

[66] Robert P. Langlands. An essay on the dynamics and statistics of criti- 
cal field theories. In Canadian Mathematical Society, Selecta 1945-1995, 
volume 3, pages 173-209. 

[67] G. Arcioni, M. Carfora, C. Dappiaggi, and A. Marzuoli. The WZW model 
on random Regge triangulations. Jour. Geom. Phys., 52:137, 2004. hep- 
th/0209031. 

[68] M. Nakahara. Geometry, Topology and Physics. Graduate Student Series 
in Physics. Institute of Physics Publishing, 1990. 

[69] Jan Ambjorn, Bergfinnur Durhuus, and Thordur Jonsson. Quantum Ge- 
ometry: A Statistical Field Theory Approach. Cambridge Monographs on 
Mathematical Physics. Cambridge University Press, 1997. 



196 



BIBLIOGRAPHY 



[70] M Troyanov. Prescribing curvature on compact surfaces with conical sin- 
gularities. Trans. Amer. Math. Soc, (324):793, 1991. 

[71] W.P. Thurston. Shapes of polyhedra and tringulations of the sphere. In 
Geometry end Topology Monographs. Volume 1: The Epstein Birthday 
Schrift., pages 511-549. 1988. 

[72] E. Looijcnga. Intersection theory on deligne-mumford compactifications, 
1992-93. Seminaire Bourbaki. 

[73] David C. Lewellen. Sewing constraints for conformal field theories on 
surfaces with boundaries. Nucl. Phys., 3372:654-682, 1992. 

[74] John L. Cardy and David C. Lewellen. Bulk and boundary operators in 
conformal field theory. Phys. Lett., B259:274-278, 1991. 

[75] M. R. Gaberdiel. D-branes from conformal field theory. Fortsch. Phys., 
50:783-801, 2002. 

[76] E. Frenkel and D. Ben-Zvi. Vertex algebras and algebraic curves. Provi- 
dence, USA: Am. Math. Soc. (2004) 400 p. 

[77] Mitsuhiro Kato and Tomoharu Okada. D-branes on group manifolds. 
Nucl. Phys., B499:583-595, 1997. 

[78] Andreas Recknagel and Volker Schomerus. Boundary deformation theory 
and moduli spaces of d-branes. Nucl. Phys., B545:233-282, 1999. 

[79] John L. Cardy. Boundary conditions, fusion rules and the verlinde formula. 
Nucl. Phys., B324:581, 1989. 

[80] P. Di Francesco, P. Matheu, and D. Senechal. Conformal Field Theory. 
Springer- Verlag, New York Inc., 1996. 

[81] H. Saleur. Lectures on non perturbative field theory and quantum impu- 
rity problems. 1998. 

[82] Eric Charpentier and Krzysztof Gawedzki. Wess-Zumino-Witten confor- 
mal field theory for simply laced groups at level one. Ann. Phys., 213:233- 
294, 1992. 

[83] Roger E. Behrend, Paul A. Pcarcc, Valentina B. Petkova, and Jean- 
Bernard Zuber. Boundary conditions in rational conformal field theories. 
Nucl. Phys., B570:525-589, 2000. 

[84] Nobuyuki Ishibaslii. The boundary and crosscap states in conformal field 
theories. Mod. Phys. Lett, A4:251, 1989. 



BIBLIOGRAPHY 



197 



[85] V. G. Kac. Contravariant form for infinite dimensional Lie algebras and 
superalgebras. (Talk). In *Austin 1978, Proceedings, Group Theoretical 
Methods In Physics*, Berlin 1979, 441-445. 

[86] Igor R. Klebanov and Alexander M. Polyakov. Interaction of discrete 
states in two-dimensional string theory. Mod. Phys. Lett., A6:3273-3281, 
1991. 

[87] Jr. Callan, Curtis G., Igor R. Klebanov, Andreas W. W. Ludwig, and 
Juan M. Maldacena. Exact solution of a boundary conformal field theory. 
Nucl. Phys., B422:417-448, 1994. 

[88] Kristjan R. Kristjansson and Larus Thorlacius. Correlation functions in 
a c = 1 boundary conformal field theory. JHEP, 01:047, 2005. 

[89] Jr. Callan, Curtis G. and Igor R. Klebanov. Exact c = 1 boundary con- 
formal field theories. Phys. Rev. Lett, 72:1968-1971, 1994. 

[90] Michael B. Green and Michael Gutperle. Symmetry breaking at enhanced 
symmetry points. Nucl. Phys., B460:77-108, 1996. 

[91] M. R. Gaberdiel, A. Recknagel, and G. M. T. Watts. The conformal 
boundary states for su(2) at level 1. Nucl. Phys., B626:344-362, 2002. 

[92] Ingo Runkel. Boundary structure constants for the a-series virasoro min- 
imal models. Nucl. Phys., B549:563-578, 1999. 

[93] Giovanni Felder, Jurg Frohlich, Jurgen Fuchs, and Christoph Schweigert. 
The geometry of WZW branes. J. Geom. Phys., 34:162-190, 2000. 

[94] Luis Alvarez-Gaume, C. Gomez, and G. Sierra. Quantum group interpre- 
tation of some conformal field theories. Phys. Lett., B220:142, 1989. 

[95] Clifford v. Johnson. D-branes. Cambridge Monographs on Mathematical 
Physics, 2003. 

[96] Amit Giveon, Massimo Porrati, and Eliczcr Rabinovici. Target space 
duality in string theory. Phys. Kept., 244:77-202, 1994. 

[97] J. E. Paton and Hong-Mo Chan. Generalized veneziano model with 
isospin. Nucl. Phys., B10:516-520, 1969. 

[98] Jr. Callan, Curtis G., C. Lovelace, C. R. Nappi, and S. A. Yost. Loop 
corrections to Superstring Equations of Motion. Nucl. Phys., B308:221, 
1988. 

[99] Jr. Callan, Curtis G. and Igor R. Klebanov. D-brane boundary state 
dynamics. Nucl. Phys., B465:473-486, 1996. 



198 



BIBLIOGRAPHY 



[100] Ali Yegulalp. New boundary conformal field theories indexed by the simply 
laced Lie algebras. Nucl. Phys., B450:641-662, 1995. 

[101] Paul H. Ginsparg and Gregory W. Moore. Lectures on 2-d gravity and 
2-d string theory. 1993. 

[102] P. Di Francesco, Paul H. Ginsparg, and Jean Zinn-Justin. 2-d gravity and 
random matrices. Phys. Rept., 254:1-133, 1995. 

[103] D. V. Alekseevskii. Classification of quaternionic spaces with a transitive 
solvable group of motion. Math. USSR Izvesstija, 9:297-339, 1975. 

[104] Arjan Keurentjes. The group theory of oxidation. Nucl. Phys., B658:303- 
347, 2003. hep-th/0210178. 

[105] B. Julia. Group disintegrations. Invited paper presented at Nuffield Grav- 
ity Workshop, Cambridge, Eng., Jun 22 - Jul 12, 1980. 

[106] L C. G. Campbell and Peter C. West. N=2 D = 10 Nonchiral Supergravity 
and its spontaneous compactification. Nucl. Phys., B243:112, 1984. 

[107] John H. Schwarz. Covariant field equations of chiral N=2 D = 10 super- 
gravity. Nucl. Phys., B226:269, 1983. 

[108] Paul S. Howe and Peter C. West. The complete n=2, d = 10 supergravity. 
Nucl. Phys., B238:181, 1984. 

[109] L. Castellani and L Pesando. The Complete superspace action of chiral 
D = 10, N=2 supergravity. Int. J. Mod. Phys., A8:1125-1138, 1993. 

[110] E. Cremmer, B. Julia, Hong Lu, and C. N. Pope. Dualisation of dualities. 
L Nucl. Phys., B523:73-144, 1998. hep-th/9710119. 

[Ill] Hong Lu, C. N. Pope, and K. S. Stelle. Weyl Group Invariance and p-brane 
Multiplets. Nucl. Phys., B476:89-117, 1996. hep-th/9602140. 

[112] Matteo Bertolini and Mario Trigiante. Regular R-R and NS-NS BPS black 
holes. Int. J. Mod. Phys., A15:5017, 2000. 

[113] Hong Lu, S. Mukherji, C. N. Pope, and K. W. Xu. Cosmological solutions 
in string theories. Phys. Rev., D55:7926-7935, 1997. hep-th/9610107. 

[114] Hong Lu, S. Mukherji, and C. N. Pope. From p-branes to cosmology. Int. 
J. Mod. Phys., A14:4121-4142, 1999. hep-th/9612224. 

[115] Andre Lukas, Burt A. Ovrut, and Daniel Waldram. Cosmological solutions 
of type n string theory. Phys. Lett, B393:65-71, 1997. hep-th/9608195. 



BIBLIOGRAPHY 



199 



[116] Andre Lukas, Burt A. Ovrut, and Daniel Waldram. String and M-theory 
cosmological solutions with Ramond forms. Nucl. Phys., B495:365-399, 
1997. hep-th/9610238. 

[117] C. Grojean, F. Quevedo, G. Tasinato, and I. Zavala. Branes on charged 
dilatonic backgrounds: Self-tuning, Lorentz violations and cosmology. 
JHEP, 08:005, 2001. hep-th/0106120. 

[118] P. Fre, K. Rulik, and M. Trigiante. Exact solutions for bianchi type cos- 
mological metrics, weyl orbits of e(8(8)) subalgebras and p-branes. Nucl. 
Phys., B694:239-274, 2004. hep-th/0312189. 

[119] Pietro Fre', Floriana Gargiulo, Ksenya Rulik, and Mario Trigiante. The 
general pattern of kac moody extensions in supergravity and the issue of 
cosmic billiards. 2005. hep-th/0507249. 

[120] H. Nicolai. A hyperbolic lie algebra from supergravity. Phys. Lett., 
B276:333 340, 1992. 



